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1. Introduction and convention 

1.1. Introduction. Let K be a field. In the paper [VSFJ, Voevodsky defined 
a triangulated category Dmm,k of mixed motives. Under the assumption 
of Beilinson-Soule vanishing conjecture for varieties over K, there exists a 
reasonable t-structure r on Dmm,k, and the abelian category Amm,k of 
mixed motives is defined as the heart of Dmm,k with respect to the t-structure 
T. 

Let E be an elliptic curve over K and we assume Beilinson-Soule vanishing 
conjectures for varieties over K. The category of elliptic motives is defined as 
the smallest full subcategory of Amm,k containing ^(E) closed under taking 
direct sums, direct summands, and tensor products. The category of mixed 
elliptic motives is the smallest full subcategory of Amm,k containing elliptic 
motives and closed under extensions. That is, an object M in Amm,k is a 
mixed elliptic motif if there exists a filtration M = F°M D F X M D • • • Z> 
F n M = such that F i M/F i+1 M are elliptic motives for % = 0, . . . , n - 1. In 
other words, the category of mixed elliptic motives is the relative completion 
of the category of mixed motives with respect to the category of elliptic mo- 
tives (|HJ). For example, the category of mixed Tate motives is the relative 
completion of the category of mixed motives with respect to the category of 
pure Tate motives, which is the smallest full subcategory of Amm,k contain- 
ing Tate objects Q(z) closed under taking direct sums. 

In the paper |BK] , Bloch and Kriz construct an abelian category of mixed 
Tate motives as the category of comodules over a Hopf algebra obtained by 
the bar construction of the DGA of cycle complexes. One advantage of 
their construction is that Beilinson-Soule vanishing conjectures is not nec- 
essary for their construction. In this paper, we construct a Hopf algebra 
H°(Bar(CvEM)) such that the abelian category of H° (Bar(CvEM))-comodu\es 
is expected to be that of mixed elliptic motives. More precisely, we construct 
a DG category (VMEM) of DG complexes of elliptic motives and prove that 
it is homotopy equivalent to the DG category of Bar (Cy e M)-comodules. As 
a consequence, the homotopy category of the subcategory of (VMEM) con- 
sisting of objects concentrated at degree zero is equivalent to the abelian 
category of H° (Bar (Cy£M))-comodules. Another generalization of Bloch- 
Kriz construction in the context of elliptic curves is also studied in the earlier 
work by Bloch [B] and Patashnick jP]. Hain and Matsumoto QHMJ) studies 
Hodge and Z-adic counter part of the mixed elliptic motives. 

Before going into this subject, it will be helpful to recall a similar construc- 
tion for the category of local systems over a manifold X after R. Hain. Let 
F a field of characteristic zero, x a point in X and V be a F-local system on 
X. Let G = 7Ti(X,x) and p : G — )■ Aut(V) be the monodromy representation 
and S be the Zariski closure of the image of p. Assume that S is a reductive 
group over F. 

Definition 1.1. Let W be a finite dimensional representation of G. If there 
exists a finite filtration W = W° D W 1 D ■ ■ ■ D W n = such that Gr^W) = 
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W l /W l+1 is isomorphic to the pull back of an algebraic representation of S, 
the representation W is called a successive extension of algebraic representa- 
tions of S. The full subcategory of G consisting of successive extensions of 
algebraic representations of S is denoted as (Repc) S ■ 

Then objects in (Repc) S are stable under taking duals, direct products and 
tensor products, and (Repo) S becomes a Tannakian category. When F = R, 
Hain constructed a Hopf algebra H, in [Hj , using differential forms on X and 
the connection associated to the local system V such that the category of 
comodules over H is equivalent to (Repo) S '• In other words, the Tannaka 
fundamental group ^i((Repo) S ) of (Repo) S is isomorphic to Spec(H). His 
construction is called the relative bar construction. 

In this paper, we reformulate Hain's construction using relative DGA's so 
that it can be applied to the motivic context. We give a general homotopical 
framework of relative bar complexes and DG-categories in §2] and §31 In §5] we 
define a relative DGA, and introduce the relative bar complex Bar(A/(D, e) 
and the relative simplicial bar complex Bar s i mp (A/0, e) of a relative DGA 
A with a relative augmentation e. We show that these two bar complexes 
are quasi-isomorphic. The simplicial bar complex Bar simp (A/0, e) is defined 
in order to establish the equivalence of the category of bar comodules to the 
category of DG complexes in C(A/0) defined in the next section. In §3j, we 
introduce a DG category C(A/0) arising from a relative DGA A over O. In 
this section, we prove that the DG category KC(AfO) of DG complexes in 
C(A/0) is homotopy equivalent to that of Bar(AfO, e)-comodules. The main 
theorem in this section is Theorem 13.141 

In §3.4 and §3.5l we recover Hain's construction in our formulation. Although 
this is not necessary to construct mixed elliptic motives, it will give an ev- 
idence that our formulation of relative bar complex is a right one. By the 
homomorphism p : G — > S(k), the coordinate ring Os of the algebraic group 
S becomes a bi-G module. The comodule Os as a left G-module is written 
as LOs- The G-cochain complex A = Hom G (LOs, LOs) becomes a hi-Os 
comodule and is equipped with a multiplication arising from Yoneda pairing. 
The complex A is called the relative DGA associated to the map p. In §3.51 
we prove that the Hopf algebra 0(TVi((Rep) s )) is isomorphic to the 0-th ho- 
mology of relative bar complex defined in §2.21 Our proof is based on DG 
categories and DG complexes introduced in |BoK] . (See also [T].) 

In §4 we construct a DG category (MEM) of naive mixed elliptic motives 
as the category of DG complexes of pure elliptic motives. We expect that 
the homotopy category H°(MEM) of (MEM) is isomorphic to the full sub- 
triangulated tensor category of Dmm,k generated by h x (E) and their tensors. 
We define a relative quasi-DGA Aem from algebraic cycles and then apply 
the general result in §2] and §3] to show that the category (MEM) is homotopy 
equivalent to the category of Bar (A EM)-comodu\es. As a consequence, an 
object concentrated at degree zero defines an H° (Bar (A EM))-comodule. The 
main theorem in this section is Theorem 14.81 
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The product structure on H°(Bar(AEM)) is given by shuffle product. This 
comes from a tensor structure on the category (MEM). However, as is ex- 
plained in §4.6.2[ the category of naive elliptic motives does not have a tensor 
structure with distributive property which gives rise to a shuffle product struc- 
ture on the bar complex Bar(AEivi)- So we introduce a category of virtual 
mixed elliptic motives (VMEM) which is homotopy equivalent to (MEM) 
and equipped with a tensor structure with distributive property. To show 
the homotopy equivalence of categories (EM) and (VEM), the injectivity of 
linear Chow group (Proposition 14. ip is necessary. Though there is a proof 
of this proposition also in [BLJ, we will give a more direct proof. Using this 
properties, we construct a quasi-DG category (VMEM) which has distribu- 
tive tensor structure, and is homotopy equivalent to (MEM). (Theorem 
14.301 ) By the shuffle product induced by the tensor structure, the coalge- 
bra H°(Bar(AEM)) = H°(Bar(CvEM)) becomes a Hopf algebra. (Theorem 
I4.34|) The definition of the Tannakian category of mixed elliptic motives is 
defined in Definition 14.351 

In §5 we construct an elliptic polylog motif Pl n as an example of object 
concentrated at degree zero in (MEM). To define the polylog motif, we first 
recall the elliptic polylog class P n as an element of a higher Chow group 
introduced in |BLj . Using the elliptic polylog class, we construct an elliptic 
polylog motif Pl n . Using the bijection of objects of (MEM) and Bar(AEAi), 
we write down the comodule structure on Pl n over H°(Bar(AEM))- In this 
paper, we assume that the elliptic curve E has no complex multiplication. 

1.2. Convention. The subset {i G Z | p < i < q} of Z is denoted by [p, q\. 
Let k be a field of characteristic zero. The tensor products mean those over 
the base field k. 

1.2.1. Let O be a counitary coalgebra. The counit O — > k is denoted by u 
and the comultiplication of O is denoted by Aq : O —¥ O ®0. Let M and N 
be right and left O comodules. We define the cotensor product M ®o N by 

Ker(M <g> N 4- M <g> O ® N), 

where the map d is defined by Am <8> idx — idM ® An. Let V%, V2 be left 
C-comodules. We define Homo(Vi, V2) by 

Kex(Hom k (V u V 2 ) A Ham k {V u O ® V 2 )) 
where the map d is the difference of 

Ay 2 * : Hom k (Vi, V 2 ) -> Hom k (V u O <g> V 2 ) 
and the composite 

Hom k (V u V 2 ) -> Hom k (0 ®V u O®V 2 ) Hom k (V u O ® V 2 ). 

Let A be a bimodule over the coalgebra O, and <p G Homo(Vi,V 2 ). Then 
1a <S> f becomes an element in Homo (A ®o Vi, A ®o ^2)- 
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1.2.2. Let M be an (9-comodule. Then we have the following complex 

o^mH 1 o^m Ao ^-^ Am o®o®m 

by the coassociativity of M. This is exact since the maps 
u®l M ■ O ® M M, 

u®1 ®Im-^o®u®1 m -0®0®M^O®M 

give homotopy. As a consequence, the natural map M — > O ®o M is an 
isomorphism. 

1.2.3. Let S be an algebraic group and Os the coordinate ring. Then Os 
becomes a Hopf algebra whose coproduct Os — > Os <S> Os is obtained by 

S x S ^ S : (g,h)^ hg. 

There is natural one to one correspondence between left algebraic represen- 
tations of S and left co modules over Os- The correspondence is given as 
follows. Let g be an element in S(k). Then the evaluation at g defines an 
algebra homomorphism ev g : Os — > k. Let V be a left Og-comodule and 
Ay : V — > Os <S> V be the comodule structure on V. The action of g on V is 
given by the composite of 

V^O s ®V^k®V = V. 

The left S module Os is written by LOs- A reductive group S is said to be 
split if all irreducible representations over k are absolutely irreducible. Let 
Irr(S) be the set of isomorphism classes of irreducible representations. If S 
is split, then we have 

Os = ® a eirr {S )V a ® a V, 

where a runs through the isomorphism classes of irreducible representations of 
left >S-modules and V a be the corresponding left S'-module. The dual vector 
space a V of V a becomes a right S- module. The function ip corresponding 
to (v <S> v*) for v G V a ,v* G a V is defined by <fi(g) = (v*,gv) = (v*g,v). 
Therefore the dual Hom-^(Os, k) of Os is naturally isomorphic to Os- Here 
for an S representation W, Hom^*, *) is defined by 

Horrik(Wi, W 2 ) = © ae/rr(s) Hom k (r ® Hom 0s (V a , Wj, W 2 ). 

The natural pairing is given by 

(v <S> v*) <S> (w <E> w*) = (w* , v)(v*,w) 

for v, w G V a , w*,w* G a V. This isomorphism does not depend on the choice 
of representative of the isomorphism classes. By descent theory, there exists 
a natural isomorphism between Os and Hom(Os 7 k). 
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1.2.4. ^From now on, we assume that S is split. We set O = Os The 
multiplication O <g> O — > O on O is defined by the diagonal embedding S — > 
S x S. If functions (p and ip correspond to elements v <8> v* and w ®w* : then 
the product function (pip is the function g h-> (t> *g, u) • («;*<7, w). 

This map is described by the duality of intertwining spaces. Let V be an 
irreducible representation of S and Iy and I v be covariant and contravariant 
intertwining spaces defined by 

I V (W) = Hom s (V, W), I V (W) = Hom s (W, V). 

Then the composite g o / G Homs{V, V) of / G /y(W) and 51 G is 
regarded as an element of k via the isomorphism Homciy, V) = k. It is 
called the contraction and is denoted as con{f,g) : Iy(W) <S> I V {W) — > k. 
The multiplication map is the sum of the composite 

conl^ : (V a <g> a F) <g) (y' 3 <g> (*V) ~ (F 7 <g> Jy* (V Q <g> V^)) <g> ( 7 V <g> /^(F <g> V"' 3 )) 



1.2.5. We introduce copies of S indexed by some set X. For an element 
x G X the copy is denoted as S x . To distinguish the right and left actions 
of S, we use the notation x S y for the algebraic group S. On the group x S y , 
S x and S y acts from the left and the right. The coordinate ring of x S y is 
denoted by x O y . For an element a G Irr(S), the copy of V a considered as a 
left S'x-module is denoted by x V a . The dual of x V a as a right S^-module is 
denoted by a V x . Thus we have an identity x O y = ® x V a ® a V y . The direct 

a 

sum is taken over the set Irr(S). 

1.2.6. Let M and N be complexes of k- vector spaces. The set of homoge- 
neous maps of degree n from M to N is denoted by Hom y ect (M, N) . For 
an element / in Hom Vect (M, N), the differential d(f) of / is defined by 

(d(f)(x) = d(f(x))-(-l) de ^f(dx). 

Let e n be the degree (— n)-element in the complex k[n] corresponding to 1. 
We define the degree (—n) map t n in Hom ~ n (k, k[n]) by t(l) = e n . We set 
t = t 1 and e = e 1 . The complex K <g> k[n] is denoted by Ke n . 

For two complexes K and L, we define the complex K <g> L by usual sign 
rule, 

^l®k(> ® y) = dx <g> y + (-l) deg ( x) ;r <g> dy. 
This rule is applied to a complex object in an abelian category with tensor 
product. 

For two homogeneous map of complexes A G Hom l (K-\ , L\ ) and /2 G 
Horn 3 (K 2 , L 2 ), we define the homogeneous map f\®f 2 G Horn 3 {K\®K 2 , L\® 
L 2 ) by 

(A ® / 2 )(fei ® fc 2 ) = (-l) deg(/2)deg(fcl) A(^i) ® ACfe) 
for ki E Ki,k 2 E K 2 . Thus we have an isomorphism of complexes: 

Hom*(K 1 ,L 1 ) ® Horn * (K 2 , L 2 ) -» Hom *{K^ JC 2 ,L] ®L 2 ). 
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For example, we have the following isomorphism 

(1.1) Hom ' +n - m (K, L) © kt n ~ m 

=Ham'(K, L) ® Hom'{ke m , ke n ) Hom '(Ke m , Le n ). 

Using this rule, the differential of K ® L is written as d <g> 1 + 1 ® d. 

A complex object {K l = (K\5),d l : K l — > K l+1 } in the category of 
complex is called a double complex. Then cf ® t _1 : K % e~ % — > X l+1 e _l_1 is 
a homogeneous map of degree one, and the sum ©ji^e - * becomes a complex 
with the differential S Cg) 1 + d <S> t , which is called the associate simple 
complex and denoted as s(_K""). Using the above sign rules, we have a natural 
isomorphism 

s(K <g> L) ~ s(iT) ® s(L) : (IT ® L^e - * -3 ' ~ /Te _i ® L- J e- j 
for two double complexes X and L. 

1.2.7. Let -PC and L be complexes. Then we define an isomorphism of complex 
a : K ® L ^ L® K by 

(1.2) a(x g> y) = (-l)^*) de e^)y ® x. 

This is called a transposition homomorphism. On a complex K® n = K <g> • • • <g> K 

n 

the transposition of z-th and (i + l)-th component is denoted as cr i i+1 . It is 
easy to show that this action can be extended to the action of & n . As a con- 
sequence, K® n becomes a k[(5 n ]-module. If char(k) > n, then the symmetric 
part is the image of ^ J2 ae Q n &• 

1.2.8. We assume that char(k) = 0. Let A be a finite set and n = #A. 
For each element a G A, we prepare element e a of degree —1 and we consider 
a complex K = (B a eAke a . The symmetric part A(A) of K® n under the 
action of & n is isomorphic to k[n] by choosing an "orientation of A". If 
A = [1, n], then k[n] is generated by e\ A • • • A e n . The group of bijection of 
A is denoted as &[A}. On the complex A(A), the group &[A] acts via the 
sign. Let K* = © a6 ^k/ a be a complex generated by degree 1-element f a 
indexed by A. The symmetric part of (i^*)® n is denoted as A* (A). We have 
the canonical isomorphism A(A ]J B) = A{A) © A(B). The complex A([l, n]) 
is denoted as A n . 

2. Relative DGA and relative bar construction 

In this section, we define a relative DGA and relative bar constructions. For 
a relative DGA A and its relative augmentation e, we define two bar complexes 
Bar(A/0,e) and Bar(A/0, e) s i rnp . The latter one is called the simplicial 
relative bar complex. In §2.3} we prove that they are quasi-isomorphic. In 
the last subsection, we define coproduct structures on bar complexes. 



2.1. Relative DGA. 
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2.1.1. Let S be a reductive group over k and Os be the coordinate ring of 
S. The coproduct structure on Os is denoted by As ■ Os — > Os ® Os- We 
define a relative DGA's over Os as follows. 

Definition 2.1. Let A be a complex. A data of 5-ple (A, A l A , A r A , i, fx A ) 
consisting of 

(1) (the coactions) a homomorphisms of complexes A l A : A — > Os ® A 
and A r A : A^ A® O s , 

(2) a homomorphism of complexes compatible with the bi-Os comodule 
structures i : Os —> A , and 

(3) (multiplication) a homomorphism of complexes fx a '■ A ®o s A A 

is called a relative DGA over Os, if the following conditions are satisfied. 

(1) the multiplication fx a is associative, and 

(2) the left and the right coactions of Os are coassociative and counitary. 

2.1.2. We set O = Os- We use notations V a for irreducible representations 
as in §QJLl We set A afi = Hom (V a , A ® V p ). Since S is split, we have 

A = @ a ^V a ® A a $ ® PV. 

Under this decomposition, we have 

A ®o A ~ ©a,/3, 7 U a g> A a ^ <g> A^ ® 7 U 

and the multiplication map is obtained by 

(2.1) V a ® A aP ® A^ ® V 1 1 ® rim ) V a ® A a ~< ® U 7 
where rj : A 01 ^ ® A 13 ' 1 — > A"' 1 is the map defined by 

Hom (V a , A ® a V p ) g> Hom (VP, A ® F 7 ) 
^Homo{V p , A ® V 1 ) ® Hom (V a , A ® V p ) 
^Hom (A ® Q V p , A ® A ® a V 1 ) <8) Hom (V a , A ® a V p ) 
^Hom (V a , A ® Q A ® Q V 1 ) 
^Hom (V a ,A® V 1 ). 

Here a is the transposition (11.21) . The left (9-structure A' is the direct sum 
of the map 

A a ? -> a V <g> V a <g> A af) : x ^ 5 a ® x : 

where {bi} and {&*} are dual bases of a V and V a , and 5 a = J2i bi®b*. The 
map A r can be written similarly. The natural map A ®o A — > A ® A is 
identified with 

(2.2) V a <8> A Q/3 ® A^ 7 ® 7 1/ F Q <8> A a/3 ® P V ® V p ® A 131 ® 7 U 

x\ ® x 2 ® yi ® yi i-> xi <8) x 2 <8) 5/3 <8> yi <8> y2- 

This natural map is written as [x <8> y] h-> [x] eg) [y] . 
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2.1.3. Example. Relative DGA associated to p : G — >■ S(k). Let G be a group, 
£ a reductive group over a field k and p : G — > S'(k) a group homomorphism 
whose image is Zariski dense. We give an example of relative DGA associated 
to p. Let Vi, V% be algebraic representations of S. The following complex is 
called the canonical cochain complex: 

Hom G (V 1: V 2 ) : -> #om k (F!, Va) -> tfomk^G] <g> Vi, V 2 ) 

-> J e"om k (k[G'] <g) k[G] <g> Vi, V 2 ) ->• 

where the differential is given by 

d(<p)(gi <8> • • • (8) fl'p+i <8> fi) 
= gi ip(g 2 g> • • • <gi 5r p+1 <8) Vl ) - y?(^i^ 2 <8) • • • <8> </p+i ® «i) 

+ ® &*2#3 ® • • • ® fl'p+i ® «l) 

± yCs'i ® • • • <8> fi'pfi'p+i ® ui) =F <f(gi <8> • • - <8> g P ® gp+ivx). 

Then the extension group Ext l G (Vi, V 2 ) of V\ and V 2 as G- modules is the 
z-th cohomology group of Hom G (V] , V2). We define the multiplication map 

Hom G (Vi , V>) (8) Hom G (Vo, Vn) -» Hom G {Vi , V*). 

by 
(2.3) 



99 ® y> i-> 



gi® ■ ■ - ® gj® g j+ i <8> • • • <8) <8> ui 

H- (-l) de ^) de sW ® • • • ® # ® pQfc+i ® • • ■ ® <7*+i ® ux)) 



Let C5 be the coordinate ring of S. The module Ps as a left S'-module 
is written as LPs- We set A = Hom G (LOs, LPs)- Using the right Ps- 
comodule structure of LPs, the complex A becomes a bi-Cg-comodule. The 
multiplication map A ® A — > A induces a map r\ : A ®q A — > A, which is also 
called the multiplication map of A. Then A becomes a relative DGA over P. 
The natural map e : A — > Hom^LP, LP) is called the relative augmentation 
of A. 

2.2. Relative bar complex and simplicial relative bar complex. 

2.2.1. Let A be a relative DGA over P. We use notations for copies of a 
reductive group in §1.2.51 A homomorphism of complexes 

x A y AHom^{ z P£\ z P^) 

is called a relative augmentation if 

(1) it is a homomorphism of hi-P comodules, and 

(2) the multiplication A ®q A — > A is compatible with the multiplication 
homomorphism of Hom^^P, P) which is defined by the composite of 

#om k (£>, P) ® Hom^P, P) 
4ifom k (0, P) <g> Hom^P, P) Hom^P, P), 
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where a is the transposition defined in ( II .2p . 
Using the relative augmentations, we have two homomorphisms e l and e r by 

e l : x A y -+ x A y ® y O^ 4 Ham k ( y Op, w O«) ® ,(^ 2 ) P -T tf 0;W ^ .Of) 

e r : .O? ® 4 ,0?) ® Hom k { x O^\ x O y 2 ~>) ™ x Of . 

The map e z and e r are called the left and right augmentations. 

2.2.2. Since S is split, we have x A y = © ( x V a g> A Q/3 <g> ^V^). Then the 

a,/3 

relative augmentation induces a family of homomorphisms 

(2.4) A afi ^Hom {y a ,Hom^{0,0)® V p ) 

indexed by a, j3. Via these homomorphisms, the map r\ : 
is compatible with the map 

#om k (U Q , U' 3 ) ® ifom k (y /3 , U 7 ) -»■ #om k (U Q , U 7 ) : x ® y ^ y o x. 

The map e' is written as follows. 

e l : x V a <g> A af) ® PV y -»■ x U a <g> Q 1/ y ® ^ ® ^ 

2.2.3. We introduce a relative bar complex Bar(A/0,e). For an integer 
n > 1, we define -Bar n = Bar(A/0, e) n by 

Bar(A/0, e) n = A®p ■ ■■ ®p A . 

n 

and Baro = O. We have a sequence of homomorphisms 

(2.5) Bar(A/0, e) : > Bar n -> ► Sari -> Sar ->■ 0. 

given by 

n-l 

cci ® ■ ■ ■ ® x n \-^e r (xi) ® x 2 <S> • • • ® x n + l) l ^i <S> • • • ® ic^i+i <8> • • • <8> 

i=i 

+ (-l) n xi ® ■•■®e'(x n ). 
Here the multiplication map /i: )• A is denoted hj x ® y ^ xy. 

Proposition 2.2. TTie sequence 112. 5\) is a complex. 

Proof. This is a consequence of the associativity of the multiplication of A 
and the following commutativity arising from the axiom (3). 

0® A® A ^ 0® A A® A® "4 1 A® 
e r ® 1 | | e r 1 <g> e 1 4, | e' 

□ 
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The complex Bar(A/0,e) is defined by the associate simple complex of 
Bar (,4/0, e). 

2.2.4. We define a relative simplicial bar complex Bar s i mp = Bar s i mp (A/G, e) 
For a sequence of integers a = (ao < ai < • • • < a n ), we define a complex 
Bar sim P = Bar fim P ( A /0, e ) b y A®p ■ ■ ■ ®p A. It will be denoted as 



ao Qi a„_ i a„ 

(9 g G A g • • • ® O A® O 



to distinguish the index a. If = #a + 1 and a is a subsequence of /3, we 
define a homomorphism of complexes Bar^ imp — >■ Barf imp as follows. 

(1) If /3 = (ao < • • • a; < 6 < a, + i • • • < a n ), then the map dp^+i is given 



by 

ao cti ai /3 Qi+i «n— 1 a„ 

2/0 g Xl g ' • • Xi g y g X i+ l g x i+2 • • • g X n g t/n+1- 

ao ai a, "i+l a„_i a„ 

H> 2/o g g • • -Xi g g x i+2 --- g x n g y n +i. 

(2) If /3 = (b < ao < • • • < a n ) (resp. /3 = (ao < • - • < a n < b)), the map 
9/3,0 (resp. dp,n+i) is given by 

a ai a»-l a„ ai «n-l a„ 

yo ® a?i ® • • • g x n g y n+ i ^ e (y g xi) g • • • g x n g y n+ i 

a ai a„ ai «n-l , a„ 

(resp. y g xi g •• • g x n g y n+i h-> y g g • • • g e (x n g 2/n+i))- 
We define Bar simPtn by 



and the map <9 n : Bar simPyn -)■ Bar simPin _i by 



(2.6) a n = £ ^(-i) i a Qil . 

a <---<a„ i=0 



We can prove the following proposition as in Proposition 12.21 
Proposition 2.3. The sequence 

(2.7) Bar s j mp :•••—>■ Bar s j m p )T1 —>•••—)■ Bar s j m p i — )■ Bar S j mPj o — >■ 
is a double complex. 

Definition 2.4. The associate simple complex of Bar sirnp (A/0,e) is called 
the relative simplicial bar complex and denoted as Bar s i mp (A/0, e). 

2.3. Comparison of two complexes. In this subsection, we compare the 
relative bar complex and the relative simplicial bar complex for a relative 
DGA A over O. 
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2.3.1. We introduce two double complexes Bar = Bar (A/O) and Bar + = 
Bar (A/O) as follows. For n > 0, we define 

Bar n = A <S>o • • • ®o A 

V v ' 

n+2 

and d n : Bar n — > Bar n -\ for n > 1 by 

n 

<i n (x <g> xi (g) • • • <g) £ n ® x n +i) = ^(-l)*xo <8> • • • <8> aw+i (g) • • • <g) x n +i. 

i=0 

The free bar complex Bar is defined by 

•••->■ Bar n ->•••->■ Sari -» -Bar ->■ 0. 

We define the augmentation morphism do : Baro = A <g>o A — > A by the 
multiplication map fi. We define an augmented free bar complex by 

Bar + = (Bar ^ A). 

Proposition 2.5. The double complex Bar + is exact. 
Proof. We prove the proposition by constructing a homotopy. We define 
9 n : Bar n = A®o • • • ®o A = O ®o A®o • • • ®o A 

S v ' V v ' 

n+2 n+2 

i®l A ®---®l A . . cr— 

> A® ■ ■ • ®o A — Bar n+ i 

" v ' 

n+3 

for n > and 

0_i : A = O ®o A A ® A = Ba7r . 

Using the equality % <g> 1 = : A — > A ®o A, and the counitarity of the left 
coaction of O on A, we have fiA 1 = 1a- As a consequence, we have 

(2.8) 6> n _id n + d n+1 9 n = 1 ( for ?i > 0), 

do0_i = 1- 

Thus we have the proposition. □ 

Corollary 2.6. The complex 'Bar (A/O) — ^> A is a /ree A <8> A°- resolution 
of A. 

2.3.2. We define a simplicial free bar complex Bar s i mp = Bar s i mp (A/0) 
and an augmented free simplicial bar complex Bar simp = Bar simp ( A/O). 
Let a = (cto < ■ ■ ■ < a n ) be a sequence of integers. We define Bar s i mp by 

Q Q °™ 4 

Bar simp =A® ---®oA. 
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Let < p < n. We define d a : Bar s i mp — > Bar s i mp by 



o a {xo ® xi ■ ■ ■ x n ® x n+ \) = }{—iy {X Q ® ■ ■ ■ ® X p X p+ i ® •••(g)X n+ i). 

p=0 

We set 

By taking the summation on a, we have a sequence 

D ar . __l T3 nr dn \ d2 \ Roy rfl i "Roy _i. D 

L,CXL simp • ' utu simp,n ' ' L " XL simp,l " 1JexL simp,0 " u ' 

We can check that Bar s i mp becomes a complex. We define the augmentation 

(Xq 

map do : Bar simp — > A by the sum of the multiplication map n : A® o A A. 
We define the double complex 

Bar s j mp (Bar s j m p ^ ^4). 

Proposition 2.7. TTie double complex Bar s i mp exact. 

Proof. To prove the proposition, we define a subcomplex Barjv<, simp by 

jr— ^r— a ,...,a„ 

We define a map 0° by 

6>£ :Bar simp = A®o---®oA = 0® A® ---®oA 

> i® A® --® A = Bar simp C Bar N _ l<simp . 

By taking the summation on a, we have a map 

$n : -S ar A r <,simp,n ~ ^ BaTtf— K,simp,n+l 

N 

We define a map 6>_i : A = <g> A ^ A ® A by z <g> 1 = A\ Then we have 



the homotopy relation (|2.8ft . Since 



Bar simp — lim Bar Ar< simp , 



we proved the proposition. □ 

Corollary 2.8. The complex ~Bar s i mp (A/0) — ^> A is a free A®A°- resolution 
of A. 
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2.3.3. We define a homomorphism a : Bar s i mp (A/0) — > Bar(AfO) of dou- 
bie compiexes by 

cr(x g) • ■ ■ <g x n+ i) = Xq <g ■ ■ ■ <g x n+ i. 

Then the homomorphism a commutes with the augmentations dg. By Corol- 
lary 12.61 and 12.81 , the homomorphism 

O ® e r iA Bar simp (A/0) ® eKA O^O <g> e%j4 Bar(A/0) ® e i >A O 

is a quasi-isomorphism. Since 

O ® e r iA Ba^ simp (A/0) ® e i, A O ~ Bar simp (A/0, e) 

and 

£> <8) c r )i4 Bar(A/C) ® eijA ~ Bar(A/C, e), 
we have the following theorem 

Theorem 2.9. T/ie natural map 

a : Bar stmp (A/0, e) ->■ Bar(A/0, e) 

is a quasi-isomorphism. 

2.4. Coproducts on bar complexes. In this subsection, we introduce a 
coproduct structure on bar complexes. 

2.4.1. We define a homomorphism 

A ® ■ • ■ ® A -»• (A ®o ■ ■ ■ ®o A) <g> (A ®o • ■ ■ ®o A) 

V v ' V v y N v y 

n-\-m n m 

by applying the natural map A ®o A — » A <g> A for n-th and n + 1-th tensor 
components. This map is written as 

[xi ® • • • <g> x n+m ] >-»■ [xi <g • • • (2) a; n ] <g> [x n+ i <g • • • <g x n+m ] 

As for this notation, see also (12. 2p . The map 

A ®o • • • ®o A^ 0®{A (g)© • • • ®o A) 
(resp. A ®o ■ • ■ ®o A -»■ (A ® ■ • • ® A) <g> O) 

obtained by the left (resp. right) O coproduct of A at the first (resp. the 
last) factor is written as 

x\ <g • • • ® x n+m i— > A (x\) g) • • • <g 
(resp.xi <g • • • <g x n+m xx ® • • • <g A r (x n+rn ) ). 

We introduce a coalgebra structure 

(2.9) A B : Bar(A/0, e) Bar(A/C, e) ® Bar(A/0, e) 
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by 

A B ([aPi®---®a: n ]) =A l (x l ) <g> • ■ • ® x n 

n-l 

+ [a?i ® • • • ® a?j] (g> (g) • • • <g> x n ] 
i=l 

+ xi <g> • • • <g> A r (x n ). 

The right hand side of ( 12. 9p becomes a double complex using the tensor prod- 
uct of complexes. 

Proposition 2.10. This homomorphism Ab is a homomorphism of double 
complexes. 

Proof. Since the differential of Bar(A/0, e) is defined by the multiplications 
and left and right augmentations, it commute with that of Bar(A/0, e) £g> 
Bar(A/(9, e) by the following commutative diagrams. 



ya (o. Aap a AM ^ 47^ « <*V (V a <g> A Q/3 <g> 'V) 

A (g> A ®o A A (g) (A <g> A) 

1 (g> 5 4 4 1 <g> e r 

(A ® ^)®i e ^ A<g) A 

(V a ® A ali ® ®W) (V a (g> A a/3 (g) &V) 

<g) A 75 <g> *y) <g) A 75 ® S V) 

This commutativity follows from the identification ( 12 .4p . □ 

2.4.2. We define a coproduct 

Agi mp : Bar" imp — > Bar s i mp (g) Bar s i mp 

by the formula 



A (y (g) xi) (g) • • • (g) x n ® y n+1 

n-l 

[yo ® xi <g) • • • <g> A r (x,)] <g> [A'(x i+1 ) (g) ••• ® x n g> y„+i] 



i=l 

ao cti Q^ti — 1 

+ y <g> xi <g> ■ ■ ■ (g) A r (x n (g)y n+ i). 
Here A z (y ® Xi) and A r (x n (g) y n +i) are considered as maps 
O ®o A = A C ® A = (O (g> O) (g> (0 ® A) 
A® = A ^ A®0 = {0® A) (g> (C (g> C). 
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Proposition 2.11. (1) The sum of the map A simp = ^ Q A^ imp becomes 
a homomorphism of double complexes 

Bar simp (A/ O, e) Bar simp (A/ O, e) ® Bar simp (A/ O, e) . 

(2) The coproduct structure of Bar(A/0,e) and Bar S i mp (AjO,e) are 
compatible with the quasi-isomorphism a defined in §2.3.$. 

The proof is similar to Proposition I2.1U1 and we omit it. 

i 

2.4.3. The homomorphism O — )■ k and the sum of O ®o O h defines 
counit Bar(A/0, e) — > k and Bar sirnp (A/0, e) — > k. 

3. Relative DGA and DG category 

Let S be a split reductive group, O the coordinate ring of S, A a relative 
DGA over O, and e a relative augmentation of A. In this section, we introduce 
the DG category associated to a relative DGA A over O. Moreover, we 
prove that DG category KC{A/0) of DG complexes in C(A/0) is homotopy 
equivalent to that of Bar ( A/O, e)-comodules (Theorem I3.14p . 

3.1. DG category associated to a relative DGA. 

3.1.1. We define a DG category C(A/0) for a relative DGA A over the Hopf 
algebra O. An object V = V of C(A/0) is a complex V = V of finite 
dimensional left (9-comodules such that V* — >■ <g> V* is a homomorphism 
of complexes. For objects Vi and V2 in C(A/0), we define a complex of 
homomorphisms Home r a/ o) (V\ , V2) by 

Hom c( A/0 )(Vi,V2) = Hom c (Vi,A®n V 2 ). 

Then the composite of the complexes of homomorphisms is defined by the 
composite of the following maps: 

(3.1) Hom (V 2l A® V3) ®Hom (V u A® V 2 ) 
-^Hom (A ® V 2} A® A® V 3 ) ®Hom (Vi,A® V 2 ) 
-¥Hom {Vi,A®o A® V3) 

^4Hom 0s (V u A® V3). 

Then we have A ~ Hom C r a/O) (LO* LO) and the multiplication map is equal 
to 

(3.2) A® A^ A® A% A® A 

-Hom c(A/0 ) (LO, LO) ® Hom c{A/0) (LO, LO) 

^ Hom c{A/0) (LO,LO) 

Here a denotes the transposition fll.2p . 

The DG category of finite DG complexes in C(A/0) is denoted as KC(A/0). 
An object in KC(A/0) is written as (V x ,dij) where 

dij eHom}, (A/0) (Vie-i,V l e-*) S Hgn&tijLiV* , V*). 
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Here the map (*) is given in ( II. ip . (See also [T], §2.2.) By the definition of 
DG complex, we have 



3.1.2. Let C\ and C 2 be DG categories. A pair F = (ob(F),mor(F)) of 
map ob(F) : ob(C\) —> ob{C2) and mor(F) : mor(C\) — > morfcz) is called 
a DG functor, if it is compatible with the composite, and preserves identity 
morphisms. 

3.1.3. If A pre = Hom^O, O), then C(A pre /0) is nothing but the full sub- 
DG category of complex of finite dimensional k- vector spaces consisting of 
C-comodules. For an object M, N G C(A pre /0), we have 

Hom c{Apre/0) (M, N) = Hom (M,A pre ® N) = Hom*{M,N). 

Let e : A — > H om^LO , LO) be a relative augmentation. We define a 
DG functor p e : C(A/0) — > C(k) by forgetting left C-comodule structure for 
objects. For a morphism ip G Homc(A/o)(M,N), we define p e (f) by the 
image of if under the map 

Hom c[A/0) (M, N) Hom c{AprE/0 )(M,N) = Hom Vectk (M, N). 

3.1.4. DG category (B — com). Let B be a counitary and coassociative dif- 
ferential graded coalgebra over k. The comultiplication and the counit is 
written as and u. A complex M with a homomorphism M — > B £g> M of 
complexes is called a S-comodule if it is coassociative and counitary. For two 
S-comodules M and N, we define the double complex HHomB{M, N) by 

Hom' KVect (M, N) -> Hom' KVect (M, B®N) -> Hom' KVect (M, B®B®N) -> • • 

where the differential is given by 

d<yc =(ls g> Is <g • • - (8) Is <g Ajv) o (p — (1 B <g 1 B • • • <g A B <g ljv) o (p 

H + (-l) n (A B <g> 1 B <g • • • ® 1 B <g 1 N ) o <p 

+ (-ir +1 (l B ^)oA M 

for an element ip G Hom' KVect (M, B® n <S>N). We introduce a composite map 

(3.4) c : R#om B (Af , AT) <g Rffoms (L, M) -> Rifom B (L, AT) . 

For elements ^ and ^ in Hom* KVect (M, B® n <g> A 7 ") and Hom' KVect {L, B 0m (g 
M), we define c(y> ® V) in Hom* KVect (L, fl®(«+"0 ® AT) by 



We can check that this composite is associative. The associate simple complex 
of RHom B (M, AT) is written as RHom B {M, N). 



(3.3) 




i<j<k 



c{<p®il>) = (l| m ®^)o^. 
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Definition 3.1. We define a DG category (B — com) for a differential graded 
coalgebra B as follows. The class of objects of (B — com) consists of finite 
dimensional B-comodules, and for B-comodules M, N , the complex of homo- 
morphisms is defined by RHom,B{M, N) . The composite of homomorphisms 
is defined by the homomorphism flff.^p . 

Proposition 3.2. Let M be a cofree B-comodule. Then the functor N \— > 
HHomsiN, M) is exact. 

Proof. We consider the stupid nitration on HHorriB(N, M) and reduce to the 
exactness of HorriKVect k (N, B <g) • • • <g) B <g) M). □ 

3.1.5. iV be a complex of .B-comodules. We define a standard cofree resolu- 
tion F(N) of N by 

F(N) : B®N^B®B®N^B®B®B®N^--- 

where 

n 

d(b n ® • • • b <g> n) = ^(-l) i+1 6 n <g> • • • <g> A B (bi) <8> • • • ® b <8> n 

i=0 

Then the associate simple complex F(N) becomes a complex of .B-comodules. 

Let N\, N 2 be .B-comodules and if : N\ — > N 2 be a S-homomorphism, i.e. 
the following diagram commutes: 

Ni ^ N 2 

A AT! 4 4 Aat 2 . 

B ® N! ^> B®N 2 

Note that we do not assume that f commutes with the differentials. The set 
of S-homomorphism from N\ to N 2 is denoted by Horns (M, N) . This space 
becomes a sub complex of HomKVect\t(M, N), since the differentials and the 
comodule structures on Ni and N 2 commute. 

Lemma 3.3. (1) Let M be a B-comodule, and N a complex of h-vector 
spaces. Then B ® N becomes a B-comodule with the product complex 
structure. By attaching if 6 HomsiM, B ® N) to the element <p 
defined by 

{y:M^B®N N) E #om k (M, N), 

we have an isomorphism HorriB{M, B eg) N) — > Hom^M, N). The 
inverse map is given by 

if-.M ^B®M ^ B®N. 

(2) Using the isomorphism of (QJj, we have a natural isomorphism of com- 
plexes 

RHom B (M, N) ~ H orris (M, F(N)). 
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We define a homomorphism of complexes 

a : KHom B (M, N) -> Hom B (F(M), F(N)). 

Let <p be an element of R,Hom B (M,N) P = Hom^ (M, B ® ■ ■ ■ ® B ®N) . Then 

v 

the map 

(3.5) a q Up) : B®---®B®M B ® ■ ■ ■ ® B ® B ® ■ ■ ■ ® B ® N 

s v ' s v ' •> v ' 

5 + 1 5 + 1 p 

is an element of Hom B {F{M) q , F(N) p+q ) for g > 0. By taking the sum of 
a q ((p), we have a map ot(ip) G Hom B (F(M) 1 F(N)). By Proposition 13.21 we 
have the following lemma. 

Lemma 3.4. (1) The homomorphism a is a homomorphism of complexes 
and a quasi-isomorphism. 
(2) Let 

/I : Hom B (F(M), F(N)) <g> Hom B (F(L), F{M)) Hom B (F(L), F(N)) 

be a homomorphism of complexes defined by the composite. The map 
(j, commute with the composite map c in \3.$ via the homomorphism 
a. 

3.2. Bijection on objects. 

3.2.1. Construction of a bijection (p. In this subsection, we construct a map 

<p : ob(KC(AfO)) ob(Bar simp (A/0, e) - com). 

Let {V 1 , djj) be an object of KC(AfO). For an index a = (ao < • • • < ot n ), 
we define the following degree n left (9-homomorphism 

where 

ao ai o<-rL — l a„ 

■"" = ("j 

simp 

For n = 0, the map 



BarZ°^ a " = 0® A® --- ® A® 0. 



A°° : l/ Q o e -ao _^ g, yaog-ao = Bar"? ® V a °e~ a ° 

is defined as the coproduct structure on V a °e~ a °. We define A a °''"' an for 
n > 1 by the induction on n. For n = 1, by the definition of KC(AfO), we 
have a left O-homomorphism <i aiQ , : V a °e~ a ° — » A £g>o V ai e~ ai of degree 
one. By composing the following O-homomorphisms 



A ff0 ' Ql : V ao e~ a ° A ® n V ai e~ ai 



->• A ® V ai e~ ai = {0® A ® O) ® V ai e~ a \ 
we have the required homomorphism. Suppose that a left (9-homomorphism 

A ai '-' a " : V ai e ai Bar^' an ® V an e~ an 
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of degree (n — 1) is given. Using the inductive definition of A Qlv "' a ™, we have 
the following composite map 

d 1 ?*s?\ A a 1 ' ■ ■ ■ ' a n 

r°e" ao A ® V Ql e" ai >A ® Q Bar a s ^ an ® V a -e~ a - 

and we have a required degree n-homomorphism. The map A a is written as 

A a = (1 <g> d an a n _ 1 ) o (1 ® rf Q „_ lQ „_J o ■ ■ ■ o rf aiQ0 . 

We set V = @iV' l e~ l . Then it is a finite dimensional vector space. We define 
a homogeneous map Ay : V —> Bar s i rnp (A/Os, e) <8> V of degree zero by 

Ay = (l®t n ®l)o A Q , 

0<n |a|=n 

where 



1 (8) t n <g> 1 : Bar^' an ® U Q ™ e - a " 5ar^' a "e n ® V a "e _a ". 

We define a differential 5 on the vector space V. We set 5« = 5i ® 1 on 
V % e~ l , where 5i is the differential on V" 1 , and 5^ : V 1 — > V 3 is the image of 
dji under the map 

Hom\ A!0) {V % e-\A®n V j e~ j ) 

^ Hamh (A/o){V ier \ A pre ®o V 3 e~ 3 ) 

=Eom 1 KVect (V*e-\Vie-i) 
induced by the relative augmentation. We define Sy on V by Sy = J2i<j 
Lemma 3.5. The map 5y defines a differential on V . 
Proof. The map 6ji (i < j) is the composite of the following map. 

V l e~ l ^A® V J e~ j ^> O ®o V j e~ j = V j e~ j . 

Let ii : V l e~ l — > V and pj : V — > V 3 e~ 3 be the inclusion and the projection. 
It is enough to show that PjSyii = for i < j. If i = j, then the equality 
holds, because 8a is a differential of V 1 . By the commutative diagram 

yi e -i ^kj^ A<g, V k e- k 1 ® d 3 h ) A® A® V j e-i -^U A g> V* e " i 

c r (g> 1 I E r ® 1 8 1 4 e r ®1 i 

V k e~ k A® c0 V j e-i ^ m > V j e~i, 



we have 

(e r <g> l)(djk o dki) = (e r <g) <g) 1)(1 ® djk)dki = 5 jk 5ki, 
(e r <g) l)(ddji) = Sjj5ji + SjiSa 

for i < k < j. Therefore by the condition ( 13 .3p for DG complex, we have the 
lemma. □ 

Proposition 3.6. The homomorphism Ay defines a Bar s i mp (A/0, e)-comodule 
structure on V . 
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Proof. We can easily check the coassociativity and the counitarity. We show 
that the homomorphims Ay is a homomorphism of complexes, in other words, 
the homomorphism Ay commutes with the differential 5y on V and differen- 
tial d Ba r sxmp <E> 1 + 1 <8> 5 V on Bar simp <g> V. 

The outer differential defined in (12.61) for Bar simp is denoted by d a< i, and 
the inner differential Barf imp — > Barf imp is denoted by di n . We compute 

(3.6) (d B ar stmp ® 1 + 1 ® S V )A V -A v o5 v 

on the component from V a e~°' to Bar ao ' ,,,,a "e™ <g) V^e~^ for a < ao < • • • < 
OL n < (3- It is the sum of the following terms: 

(1) -(1 <g> t n ® l)A Q 5 Qoa if a n = £ and a < a . 

(2) -(1 (8) t n ® l)A a 5 aa ifa n = /3 and a = a . 

(3) (1 (8) fyaJC 1 ® t n <8> 1)A Q if a = a and a n < 0. 

(4) (1 <g> <5^)(1 <8) t n <g> 1)A Q if a = a and a n = 0. 

(5) (d in <g> 1)(1 ® t n <g> l)A a if a = a and a n = (3. 

(6) summation (— I) i (9 7i i <g> I) (I <8> t n <8> 1)A 7 over the index 7 such that 
a is obtained from 7 = (70, . . . ,7 n +i) by deleting z-th element, for 
l<z<nifa = ao and a n = (3. 

(7) (a 7:0 ® 1)(1 <8> t n ® 1)A 7 where 7 = (a < a < ■ ■ ■ < a n ) if a < a 
and a n = (3. 

(8) (-l) n+1 (a 7jn+ i® l)(l<8)t n (8)1) At where 7= (a < • • • < « n < p) if 
a = «o an d OL n < (3. 

We compute ( 13 .6p for all components. 

(a) The case a < ao and a n = (3. The terms <$T§ and ([7]) contribute. They 
cancel by the definition of <9 7; o and 8 aoa . 

(b) The case a = ao and a n < (3. The terms (J3]) and (|HJ) contribute. They 
cancel by the following commutative diagrams. 



I I (1 <g> e') <8> 1 4 

A0l /a„ e -a„ A <g> (A ®o V^e~^) x ^^% A <g> l/ /3 e~ /3 . 

(c) The case a = ao and a n = (3. The summation of the term in (j6]) for a 
fixed z is equal to the summation (— l) 1 times the composites of 



simp 

lB®(dc» i 7 i orf Ti c« i _ 1 ) 



simp 



over CKj-i < 7i < a^. By the relation (13.31) . the morphism (#) is (— l)-times 
the summation of 
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(c-l-i) 



Bar, ® y^-i e -^-i ^"i-i^-i, Bar . ^ q ya^e-a^x 



> Sar, 80^80 y^ e - ai 



(c-2-i) 

Ban ®o V^-'e-^- 1 1 ^" I °" 1 > Ban ®o A ®o V^e~ a ^ 

Ban ®o A ® V ai e~ ai 

(c-3) 



-)■ Sa^ (g>o A <S>o V ai e~ 



Thus 



(A) the summation for (c-3) cancels with the term 

(B) the term (c-l-(i+l)) and (c-2-i) cancel for % = 1, . . . , n — 1, 

(C) the term (c-1-1) and (|2J) cancel, and 

(D) the term (c-2-n) and (j3J) cancel. 

Therefore ( 13.61) is equal to zero and Ay is a homomorphism of complexes. □ 

Definition 3.7. By associating (V, Ay) to (V l ,dij), we have a map f : 
ob(KC(A/Os)) — » ob(Bar s i mp — com). 

3.2.2. Construction of 'the functor ifi . We construct the inverse ip : ob(Bar s i mp (A/Os) 
com) —> ob(KC(A/Os)) of the map (p. Let V be a bounded complex of finite 
dimensional vector spaces and 

Ay '■ V —> Bar s 

imp 

be a Sar s i mp -comodule structure on V. Let 

i 

7Ti : Bar simp -> 0® 0, 

ir i:j : Bar simp -> C® A® Ce -) C(8) A®oC 
(*) (a) 

be the projection to the Bar y sirnp and Bar sir ^ p components. Let Aj be the 
composite 

F ^> Sar simp ® F (O s ® 0s S ) ® V = O s ® y 

and pri = (e r £g> ly)Aj : F — )• V. Let dji be the composite 

V ->■ Bar simp ® 1/ (£> s ® 0s A ® 0s O s ) ® V = A <g> V. 



Proposition 3.8. (1) TTie maps pri (i & Z) define complete orthogonal 
idempotents of V . 
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(2) We have 

Aipri = Ai = (1 <g) pri)Ai, djipri = dji = (1 <S> V r Mji 

As a consequence V 1 becomes an O-comodule. 

(3) The differential on V commute with the projection pri and the coac- 
tion of O. As a consequence, V 1 becomes an object in C(A/0) . 

(4) The homomorphism dji defines an element in HomoiV 1 , A®o V^) = 
Hom c{ A/o)(V\VJ). 

Proof. (1) By the counitarity of the coaction of Bar s i mp on V, the composite 
map 

V ^ Bar simp ®y^>y 

is the identity map on V. Therefore we have YliP r i = ^-v- The statement 
(2), (3) follows form the coassociativity. □ 

By the compatibility of Ay for the differentials of V and Bar s i mp eg) V, we 
have the following proposition. 

Proposition 3.9. (1) The map dij defines a DG complex in C(A/0) 
(2) The maps if and ip are inverse to each other. 

We define the functor by associating the Sar-comodule (V, Ay) to the 
system {V\d i:j } in KC(A/O s ). 

Remark 3.10. Without the finite dimensionality of the Bar simp -comodule 
V , we can define the above decomposition V = ®iV l and the map Aj by the 
counitarity and the coassociativity. 

3.3. Homotopy equivalence of (KC(AfO)) and (Bar s i mp — com). 

3.3.1. We set B = Bar simp (A/0, e). Let N ± and N 2 be B-comodules. We set 
ip(Ni) = (Nl dji), ip(N 2 ) = (-/Vj, dji) and let U : Nf N x and p 3 : N 2 -> N 3 2 
be the natural inclusion and the projection. Via the bijections (p and if), we 
identify the class of objects in KC(AfO) and that of (B — com) defined in 

mM 

Let / be an element of HomsiNi, N 2 ). Since the coaction of B is com- 
patible with the map /, we have f(N{) C N 2 and the restriction /* of / to 
Nl is a (9-homomorphism. Let /?(/)* G Homo{N\ 1 A®qN 2 ) be the following 
composite homomorphism 

N{ A iVj = O ®o JVj -)> A® N l 2 . 
Then we have (3(f) G Hom KC{A /o)(^(Ni)^(N 2 )). 

Definition 3.11. The category of DG complexes in C without assuming the 
finiteness of {i \ V 1 ^ 0} for {V*,cZjj} is denoted as KC . In this category, 
the morphism {tpij} is assumed to be bounded from below, i.e. there exists m 
such that (fij = for j < i + m, so that the composite of two morphisms are 
well defined. 
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Lemma 3.12. (1) The homomorphism 

(3 : Hom B (N u N 2 ) ->• Hom KC(A/0) (tP(N 1 ),tP(N 2 )) 

commutes with the differentials and is compatible with the composites. 
(2) Moreover if N 2 is a cofree B-comodule, the map P is a quasi-isomorphism. 

3.3.2. Let M be an object of KC(A/0). Then the free resolution F(<p(M)) 
defined in §3.1.5l of <p{M) is a cofree B-comodule. The object ip(F(<p(M))) G 
KC{A/0) corresponding to F(ip{M)) is denoted by F(M). By the above 
lemma, we have the following corollary. 

Lemma 3.13. Let N\,N 2 be B-comodules. 

(1) Then the homomorphism 

(3.7) /3 : HorriB(F(Ni)iF(N 2 )) — >■ HomKC' (A/o){^{F{N\)),^(F(N 2 ))) 

is a quasi-isomorphism and compatible with the composites. 

(2) The natural homomorphisms of complexes 

(3.8) Hom KC , (A/0) (N 1: N 2 ) ^ Hom KC , {A/0) (N 1: F(N 2 )) 

(3.9) Hom KC ' iA /0)(F(N 1 ),F(N 2 )) -> Hom KC , {A/0) {N u F{N 2 )) 

induced by the natural homomorphism N\ — > F(Ni) and N 2 — > F(N 2 ) 
are quasi-isomorphisms. 

3.3.3. We define a DG category BK(A/0). The class of objects of BK(A/0) 
is that of B — com. Let M, N be objects in BK(A/0). The complex of ho- 
momorphism HorriBK(A/o)(M, N) is defined by the cone of 

Hom KC{A/0 ){^{M)^(N)) 

RHom B (M,N) 4 Hom KC , {A/0 ){i>{M), F(ip{N)). 
Here the map £ is the composite 

q (l3.5l) 

^> Hom KC/{A/ o0(F(M)),^(F(N))) 

^ Ham KC , {A /o)WM),F(iP(N)). 

Then the homomorphisms £ and rj are quasi-isomorphism. We introduce a 
composite structure 

o : Hom BK{A/0) (M, N) <g> Hom BK(A/0) (L, M) -> Hom BK(A/0) (L, M) 

by the rule 

(a + 6 + c) o (a' + 6' + c') = (a o a') + (6 o b') + (c o 77(0') + f (6) o c') 

for 

a e Hom KC{ A/0)(i>{M),ilj(N)), b e RHom B (M,N) 
c e Hom KC , (A/o 0(M), F(ijj(N)). 



RHom B (M, N) Hom B (F(M), F(N)) 
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Then this composite is associative. Thus we have the following theorem. 

Theorem 3.14. (1) The natural projections 

Hom BK(A/0 )(M,N) -> Hom KC{A/0) (^(M)^{N)) 
Hom BK(A/0 )(M,N) -> RHom B (M, N) 

defines a DG functor. 
(2) The DG functors BK (A/ O) ->■ KC(A/0) andBK{A/0) (B simp - 
com) are homotopy equivalent. 

3.4. Integrable (A/(9)-connection. In this and the next subsection, we 
show that the category (Repc) S and that of H (Bar(A/O), e)-comodules are 
equivalent when A is the relative DGA introduced in §2.1.31 The contents of 
§3.41 and §3.51 are not used for the definition of the category of mixed elliptic 
motives. 

We define the category of integrable (A/(9)-connections. 

Definition 3.15. (1) Let V = (V l e\ {d y }) be an object of KC(A/O s ). 

The object V is said to be concentrated at degree zero if and only 
if V 1 is an Os-comodule put at degree zero. The full subcategory of 
KC(A/Os) consisting of objects concentrated at degree zero is denoted 
byKC(A/O s )°. 

(2) We define the homotopy category H°(KC(A/O s )°) of KC(A/O s )° 
whose class of objects is that in KC(A/Os)° ■ The set of morphisms 
fromMtoN in H°(KC(A/O s )°) is defined by H°( Horn K c(A/o)( M , N ))- 
The category IC{A/0) = H°(KC(A/O s )°) is called the category of 
integrable (A/ O)- connections. 

Proposition 3.16. An object in H (KC(A/O)°) is equivalent to the following 
data: 

(1) A finite set of comodules V" 1 . The comodule structure on V 1 is denoted 
by A i :V i ^Os^kV^ 

(2) O -homomorphims Vji : V 1 — > A 1 <g>£ for each i < j . 

We impose the following conditions for data. 

(1) The composite 

V 1 ->■ A 1 ® k V J — h A 1 ® k O s ® k V J 

is zero. 

(2) Let 

Via = 0-a ® Vfei) o Vj-i :V i ^A 1 ® fc A 1 ® fc V k 

be the composite map which defines an element in HomosiV 1 , A 1 ®o s 
A 1 ®o s V k )- The image o/ ^ under the map 

Hom 0s iy\A x ® 0s A 1 ® 0s V k ) ->■ Hom 0s (V\A 2 ® 0s V j ) 
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can be written as V^j o Vji using the composite in C(A/0). Then the 
equality 

(3.10) dV kl + V &J oV^ = 

i<j<k 

holds. 

3.4.1. Let V and W be objects in KC(AfO) . A closed homomorphism <p in 
Z° Hom KC ( A un) (V, W) of degree zero is a set of homomorphisms {pji} with 
(pji G Hom 0s {V\ A ® 0s W j ) such that 

(3.11) dp kl + ^kj ° <Pji ~ Y Vkj o Vji = 0, 

k>j j>i 

using differentials and composites in C(A/0). 

3.4.2. Let A — > A' be a quasi-isomorphism between relative DGA's over Os- 
An A-connection V relative to S can be regarded as an A'-connection. 

Proposition 3.17. (1) Let V be an A-connection relative to S . Then the 
set of homomorphisms Homjc(A/o)(V, W) and HomjciA' /o)(Yi W) 
are naturally isomorphic. 
(2) For any A' -connection W , there exists an A-connection V which is 
isomorphic to W. As a consequence, the categories IC(AfO) and 
IC(A'/0) of A- connections and A' -connections are equivalent. 

Proof. (1) We can introduce a natural complex structure on Homo s (V, A*®o s 
W) and can show that Homo s (V, A' ®o s W) and Homo s (V, A'' <g>o s W) are 
quasi-isomorphic by taking a suitable nitrations on V and W and considering 
the associate graded objects. 

(2) We set W = (Bf =0 W % and we prove that there exists an A-connection 
V such that V 1 = W % and a closed homomorphism tp : V — > A' <g) W such 
that 

(pji = for j < i and (pa = id. (P) 

We set F X W = ®i>\W\ F 1 V = ®i>iV l and assume that there exists a 
closed isomorphism <p : F X V — > A' <g> F 1 W by induction. We extend this 
isomorphism to V — > A' eg) W with the same properties (P). Since poo = id 
and poi = for i > 0, it is enough to define pjo G Homo s (V° , A ®o s W^) 
for j > and Vj G Hom 0s (V°, A 1 g) 0s V J ') for j > such that 

(3.12) - Vjj o vj 

= - Vf o p 00 - Y V 7k° Vko + Y Vil ° V]J 

0<k<j 0<Kj 

in Homos (V , A' 1 ®o s W^). We define by the induction on j. By the 
assumption of induction, the right hand side of ( I3.12p is defined. Then we 
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kO 



have 

9(- E V jfc°^o+ E ^ oV w) 

0<k<j 0<l<j 

= E V j ToVjo^ + E Vfl°(9<Pm 

0<k<l<j 0<Kj 

+ E ° V fco - E ^ ° V K ° V 

0<fe<j° 0<k<l<j 

= E vJTovjfo VW - £ vjovjo^ + E vJTo^ovJ, 

0<k<l<j 0<p<l<j 0<p<Kj 

+ E ^'p oV pfc oV feo- E V j>°^ oV fco- E ^ oV K oV 

0<k<p<j 0<k<p<j 0<k<l<j 

= E ^i oV X oV I 

0<fc<j 



fcO" 



Since Homo s (V°, ^4/*<g)e) g VF- 7 ) and Homo s (V°, A*®o s W^) are quasi-isomorphi 
we can choose V^ G HorriQ (V°,A* ®o s W 5 ') such that 

9v ;-o+ E v}iov]5, = o. 

0<fc<j 

Therefore 
(3.13) 

o<fc<j o<z<i 

and there exist elements 

V- G Z 1 Hom 1 Os (V , A* ®o s W J ) and <p j0 G ifom& s A" Os VF) 

such that the left hand side of (I3.13|) is equal to — V" + dcpjo. Therefore the 
equation fl3TT2ft holds for Vj = Vj + V? . □ 

Definition 3.18 (Rigid relative DGA). Let A be a relative DGA over the 
coalgebra O, i : (9 — >■ A be the homomorphism of Definition \2.1\ (Tj|), and 
e : A — > Hom^LO, LO) be a relative augmentation. The relative DGA A is 
said to be rigid if 

(1) A 1 = for i < 0, 

(2) i : O — > A is an isomorphism, and 

(3) the differential A — > A 1 is a zero map. 

If A is rigid, then the map i induces an isomorphism O ~ H°(A ). 

Let A be a rigid relative DGA. We define the augmentation ideal I e by the 
kernel of the relative augmentation e. The reduced bar complex Bar re ^(A/ O, e) 
is defined by the following sub-complex of Bar(A/(9, e). 

> I e ® I e ®Q h -> h ®0 Ie ~> h ~> O -»■ 0. 
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The associate simple complex of Bar(A/0, e) is denoted by Bar(A/0,e). 
The proof of the following lemma is similar to [T], Theorem 5.2, and we omit 
it. 

Lemma 3.19. (1) The inclusion Ha.r red (A/0 7 e) — > Bar(A/0, e) is a 

quasi-isomorphism. 
(2) Sar re d(A/(9, e) 71 = for n < 0. is a consequence, we have the 
following inclusion 

(3.14) H {Bar(A/O, e)) ->• Bar red (AfO, e)° 

Using the above lemma, we have the following proposition. 

Proposition 3.20. Let A be a DGA relative to O, and e be a relative aug- 
mentation of A. Assume that there is a sub-DGA A r i g — >■ A of A which is 
rigid and quasi-isomorphic to A. Then the category IC(AfO) is isomorphic 
to the category of H (Bar(A/O,e))-comodules. 

Proof. By Proposition 13.17} we may assume that A is a rigid relative DGA 
over O. Let M be an object of IC(AfO). Then we have a Bar(A/0, e)- 
comodule Ai corresponding to M. By taking 0-th cohomology of M. — > 
Bar(A/0, e)®M, we have a H (Bar(A/O 1 e))-comodule M = H°(M), since 
H l (M) = for i ^0. 

Conversely, let Ai be a H (Bar(A/O, e))-comodule. Using the inclusion 
(13.141) . we have the following map. 

M -»■ H (Bar(A/O, e))®M^ Bar red (A/0, e)° ® AL 

By this map, we have an object M in IC(AfO). By this bijections, we have 
a category equivalence of IC(AfO) and the category of H (Bar(A/O,e))- 
comodules. □ 

3.5. The case associated to G — > S(k). Let G be a group and G — > S(k) 
be a Zariski dense homomorphism. Let A = HomoiLO, LO) be the relative 
DGA with respect to O = O s introduced in 32X31 

3.5.1. We consider the category of integrable (A/(9)-connections. For two 
G- modules Vi, V2, the extension group of Exta(Vi, V2) is equal to the coho- 
mology of the complex 

HomoiYx, V2) = HomoiVx, A ® V 2 ). 

An object in H° (KC(A/0) ) is equivalent to the following data. 

(1) Algebraic representations (V 1 , pi), (V 2 , P2), • • • , (V n , p n ) of S, 

(2) Vij an element of Hom G (yi, Vj) for i < j. 
The element in Horrik{Vi, Vj) determined by 

Vi 1 y Vi,j(g <8> Vi) 

is denoted as Vjj(^). Since 

(0Vi,fc)(flfi ® #2 ® u) = Pk(gi)^i,k(92 ® «) - ^i,k(gi92 ®v) + V(t/i ® pi(g 2 )v), 
Vj.fc o V»,j(flfi <g> 5-2 ® u) = ^j,k(gi ® Vij(g 2 <S> v)), 
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by the condition ( I3.1UP is equivalent to the relation 
(3.15) Vi, k (gig 2 ) 

=Vi,fc(firi)pi(fir 2 ) +Pfc(^l)Vi,jfc(^2) + ^ V i,fe(fl) V ij(f2) 

i< j<k 

for all #2 G G. Therefore the map 

p:G^Aut(V):g^^ Pi (g)+^V id (g) 

i i<j 

is a homomorphism of groups if and only if the condition (13.151) holds. 

For an object V = (V\ Vy) in H (KC(A/O)°), the G-module (p, £\ V 1 ) 
obtained from V as in the last proposition is denoted as p(V). 

Proposition 3.21. There exists a rigid relative sub-DGA A r i g of A, which 
is quasi-isomorphic to A. As a consequence, IC(AfO) is equivalent to the 
category of H (Bar(A/O, e))-comodules. 

Proof. Since the image G — > S(k) is Zariski dense, we have 

H°(A a >P) =Hom {V a ,VP) 

k if a = f3 
if a ^ f3. 

Let C a 'P be a complement of the image of the differential A a 'P' — > A a,/3,1 . 
We set 

( for i < 

® a V a <g> a V for i = 

® a V a ®C a ^ ® p V fori = l 

for i > 2. 

Then A rig satisfies the required properties. The latter part is a consequence 
of Proposition EM □ 

3.5.2. Then for two connections, V and W, the set HomjciA/o)(V, W) is a 
subset of Hom-kiV, W) and can be identified with the set of G-homomorphisms 
from p{V) to p(W) by the closedness condition (13.111) . Thus we get a fully 
faithful functor from IC(AfO) to {Repc) S ■ We have the following proposi- 
tion. 

Proposition 3.22. (1) The essential image of p : IC(A/0) — > (Repc) 
is equal to (Repo) S ■ As a consequence, (Repo) S is equivalent to 
IC{A/0). 

(2) The category (Repo) S is equivalent to the category of ' H (Bar(A/O))- 
comodules. 

Proof. Let V be an element of (Repo) S and F*W be a filtration whose 
associate graded modules come from C-comodules. We choose a splitting 
{W p } of F'W in W as /c-vector spaces. Then we have F?W = ® k > P W p . 
By the isomorphism W p —> Gr P v (W) of k vector spaces, we introduce a 



A 1 

rig 
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O module structure on W p . The action of G on W defines a map Vji in 
Hom G (W\ W?) = Hom (W\ A 1 ® a W J ). Since W is a G-module, (W p , Vy) 
defines a A-connection relative to S. By Proposition 13.171 the natural 
functor IC(A r i g /0) — >■ IC(AfO) is an equivalence of category, we have an 
object M^A' in IC(A r i g /0) such that the image is isomorphic to W a- Then 
one can check that p(Wa') is isomorphic to the given W. □ 

4. Mixed elliptic motif 

In this section, we define quasi-DG categories of naive mixed elliptic mo- 
tives [MEM) and virtual mixed elliptic motives (VMEM). Roughly speak- 
ing, the DG category of virtual mixed elliptic motives is obtained by adding 
objects which are homotopy equivalent to zero. Therefore (MEM) and 
(VMEM) are weak homotopy equivalent. 

We can not introduce a natural tensor structure on (EM) with the distribu- 
tive property as is explained in §4.6.2i On the other hand, (VMEM) has a 
distributive tensor structure, which is necessary to obtain a shuffle product on 
the bar complex Bar(CvENi)- Using this shuffle product, H G (Bar(CvEKi)) 
becomes a Hopf algebra. In this paper, Bloch cycle groups, higher Chow 
groups are Q-coefficients. 

4.1. Injectivity of linear Chow group. In this subsection, we prove the 
injectivity of linear Chow group, which is also proved in |BL] . The proof given 
here is more direct. 

Proposition 4.1. Let E be an elliptic curve over a field k which does not have 
complex multiplication, that is End^(E) = Z. Let CHf in (E n ) be the subring 
of CH*(E n ) generated by /*([0]) G CH 1 (E n ) , where f is a homomorphism 
of abelian varieties 

f : E n -> E. 

The scalar extension of E to its algebraic closure is written as E. Then the 
cycle map 

cl:CH; in (E n )^Hf t (E n Mi) 

is infective. 

Let 7Tj : E n — > E and 7Tjj : E n — > E x E be the projection to z-th and 
zj-th components, and the diagonal in E x E is denoted by A. The classes 
7r*([0]) and 7r*-(A) in CH 1 (E n ) are denoted by pi and Ay, respectively. Let 
/ : E n — > E be a homomorphism defined by f(x±, . . . ,x n ) = Yl7=i aiXi ^ or 
dj G Z. Let a, (5 be symplectic basis of H X (E) = Hl t (E, Qi). For the copy of 
Ei, the corresponding symplectic basis in are denoted by ojj, fa. then 

the class c/(/*([0])) G H 2 (E n ) is equal to 

f*(a)f*(f3) = C^aia^C^aifa) = ^a?aifa + ^2a i a j (a i /3 j - faaj) 

i i i i<Cj 

= s ^2 / a 2 i cl(pi) - s ^a i ajcl(/^ i j -pi -pj). 

i i<j 
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Since Pic°(E n ) component of /*([0]) is zero, we have 

/*([°D = ^2 a hi -^2 a i a j(&ij -Pi-Pj) 

i i<j 

mCH 1 (E n ). Therefore CH^ in (E n ) is generated by pt and = -Aij+pi+pj 
for i 7^ j. We have Dij = D^. By the map a : E\ x E 2 — > Ei x E 2 : (x, y) — >■ 
(x, —y), we have a(D 12 ) = -D 12 . 

Lemma 4.2. We have 

(4.1) Pi Dij = 0, 

(4.2) DijD ik + PiD jk = 0, and 

(4.3) DijDki + D lk D jt + D u D jk = 

in CH 2 (E n ) for #{i,j} = 2, #{i,j,k} = 3 or j,k,l} = 4, respectively. 

Proof. The equality p\D\ 2 = p\p 2 — p\ A = is trivial. 

In CH 2 (E! x E 2 x J5 3 ), we have A 12 n A i3 = A i2 n A 23 . Therefore 

(pi +P2- D 12 )(pi + p 3 - Dis) = (pi +p 2 - D 12 )(p 2 + p 3 - D 23 ), 

P1P2 + P2P3 + P3P1 ~ P3Di 2 - p 2 D 13 + D 12 D 13 

=PiP2 + P2P3 + P3P1 ~ P3D 12 - PiD 23 + D 12 D 23 

and we have 

-p 2 D 13 + D l2 D 13 = -piD 23 + D 12 D 23 . 
Applying an automorphism (xi, x 2 , x 3 ) 1— > (xi, —x 2 , x 3 ), we have 

-p 2 D 13 - D l2 D 13 = +piD 23 + D l2 D 23 
and we get the equality 

(4.4) p 2 D 13 = -D 12 D 23 . 

(Chow groups are considered as Q-coefficient.) We consider the map ip : 
E\xE 2 xE 3 xE4 — > Ei xE 2 xE 3 defined by (x\, x 2 , x 3 , X4) (xi,x 2 —X4,x 3 ). 
Then applying (p to the equality (14.41) and using the equality 

{ P*{P2) = P2 +P4 - At2, <P* (-D12) = D 12 - D14, (p* (D 23 ) = D 23 - D 34l 
we have 

(pa +p 4 - D 42 )D 13 = ~(D 12 - D 14 )(D 23 - D M ), 
which implies the third equality of the lemma. □ 

Lemma 4.3. CHJ^ n (E n ) is generated by the set of elements of the form 

( 4 - 5 ) Ph---Pi P D jtk 1 ---Dj q k q 
such that 

(1) u, . . . , i p ,ji, ■ ■ ■ , j q , k\, . . . , k q are distinct and 

(2) (Gelfand-Zetlin condition) 

h < 32 <■■ < jq 

A A A • 

ki < k 2 < • • • < k q 
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Proof. By the relations ( 14. ip and ( 14. 2p . C Hl in (E n ) is generated by the mono- 
mial of the form ( I4.5[) with the condition (CD) of Lemma 14.31 Let W be the 
subspace of CH* (E n ) generated by monomials for the form (14.51) with the con- 
ditions (GQ) and (Ej) of Lemma 14.31 Assume that there exists a monomial of the 
form ( 14. 5 p which is not an element of W. We set S = {ji, . . . ,j q , k±, . . . , k q }. 
We consider the set Ai of monomials of the form 

(4-6) M' =p il ---p ip D j , iK -.-D fqK , 

which is not contained in W such that . . . ,j', k[, . . . , k' q } = S and 

fx < 32 <■< j' q 
A A A 

y y ... y 

By the assumption, Ai is not an empty set. Since the monomial ( 14 .6p is not 
contained in W, there exists a t such that k' t > k' t+l . The minimal of such t 
is denoted by t(M'). We introduce a total order of M. by the lexicographic 
order of 

(4.7) (-t(M'),j' 1: k' 1: ...,j' q ,k' q ). 

Let M' be the minimal element in Ai and set t = t(M') < q. Then we have 
the equality 

3l < 32 <■< ft < ft+i ■ ■ ■ 

A A A A 

/c 1 < k 2 < ■ ■ ■ < k t > k t+1 
By the equality ( 14 .3p . we have 

Dai ui Da' ui + Dai ai Dui h.i + Dai ui Dai ui = 0. 

Jf^-t Jt + l'^t + 1 Jt'Jt+1 ^t + l'^-t + 1 Jt+l'^t 

Let M" and M'" be monomial obtained by replacing the factor Dai y Dji # 
by D jUl+i D K+i>k > &nd Dji^Dji^i. Thent(M ,/ ) > t(M')+l and t(M"')> 
t(M') + 1. Therefore M", M'" G W. Since M' + M" + M'" = 0, we have 
M' G W and a contradiction to the choice of M' . □ 

Lemma 4.4. The set of the images c/(pi x • • ■pi p Dj 1 k 1 ■ ■ ■ Dj q j~ q ) with the con- 
ditions ([!]) and (TJ)) of Lemma\4-t\ are linearly independent in H*(E n ). 



Proof. Since cl(Dij) = ctif3j — foaj, it is enough to prove the linear indepen- 
dence for the set of monomial for fixed {i±, . . . , i p } and S = {j±, fci, . . . ,j q , k q }. 
For a monomial 

(4.8) a»ifti • • • an^aiftPki ■ ■ ■ otj> q Pk' q 

with j[ < ■ • • < j' q , k'i < • • • < k' , we introduce lexicographic order by deleting 
"— t(M')"-part of ( 14 .7p . Let pi x ■ ■ 'Pi p Df k' ■ ■ • Dfk' be an element with the 
condition ([T]) and of Lemma 14.31 Then the lowest monomial appeared 
in cZ(pi x - - ■pi p Dj' ik ' i ■ ■ -Dji^i) of the above form is equal to (14. 8p . Therefore 
they are independent. □ 



RELATIVE DGA AND MIXED ELLIPTIC MOTIVES 



33 



Proof of Proposition \4-l\ The proof of the proposition is a consequence of 
Lemma S3] and S3J □ 

Corollary 4.5. Let pi, . . . ,p m be elements in the correspondence algebra 
CH n (E n x E n ) of E n , which are contained in CHp in (E n x E n ). The im- 
age of pi in H 2n (E n x E n , Q) is written by cl(pi). 

(1) If clijpi) = cl(p2), then p\ = p2 in CH n (E n x E n Q). In particular, 
the images p\CH t {E n ,j) and p 2 C H l (E n , j) of the correspondences 
p\ and p 2 in the higher Chow group CH l (E n ,j) are equal. 

(2) The element pi is a projector if and only if the class H 2n (E n x E n , Q) 
is a projector in the cohomological correspondence ring. 

(3) The correspondences {p{\ are orthogonal (resp. complete set of pro- 
jectors) if and only if {cl(pi)} are orthogonal (resp. complete set of 
projectors). 

Corollary 4.6. Let G = & 2 X (o~) and p be the character of G defined by 
p((l, 2)) = 1 and p(a) = — 1. Here the element a is the inversion of E . Let A + 
and A~ be the diagonal divisor of E x E and the divisor defined by x + y = 0, 
where (x,y) are the coordinates of E x E. The maps Z % {E x E x X, j) — >• 
Z l (E x E x X,j) on Bloch cycle groups induced by 

^x-.Z^r - J(A+ - A") x pr x (Z n {(A+ - A") x X}) 

and 

^ 2 : Z \-> — V p(g)g*Z 

induce the same maps in the higher Chow group CH l {E x E x X, j). 

Proof. The pull back of the divisors A + and A - by the (i, j)-component are 
denoted by A+- and A^, respectively Since the maps </?i and ip 2 are induced 
by the algebraic correspondences 



-^(A| 2 -A-)x(A+-A 3 - 4 ) 



and 



g(Ai3A 2 4 A 13 A^4 A^ 3 A 24 + A 13 A 24 
+ A+A+ - Ar 4 A+ - A+A 23 + Ar 4 A 2 - 3 ) 

in CHf in (Ei x E 2 x E 3 x E4). By computing the images of two cycles in 
H 4 (E! x E 2 x E 3 x E 4 ), we can check the identity. □ 



4.2. Naive mixed elliptic motives. 



34 



KENICHIRO KIMURA AND TOMOHIDE TERASOMA 



4.2.1. Let S = GL(2) and O = 0$- The natural two dimensional rep- 
resentation is written as V. The set of isomorphism classes of irreducible 
representations is written by Irr 2 . Then using alternating and symmetric 
tensor products, we have 

Irr 2 = {(Alt 2 )® n ® Sym m | n G Z, m e N}. 

Let E be an elliptic curve over a field K. We assume that E does not have 
complex multiplication, i.e. End^(E) = Z. Let Z z (X,j) = Z % '~i(X) be the 
cubical anti-symmetric Bloch higher cycle group. This becomes a complex 
which is denoted by Z l, *(Z). Let A be a finite set. The A-power of the 
elliptic curve E is denoted by E A . The group (Z/2Z) A acts on Z^(E A ) by 
the inversions of elliptic curves for each component. The (— , . . . , — )-part of 
Z*>*(E A ) under the action of (Z/2Z) A is denoted by Ztl'(E A ). The group 
&[A] acts on Z!l'(E A ). We define the complex U*(E A , E B , k) by 

(4.9) W(E A 1 E B , k) = A* (A) <g> Zl +k '*(E A x E B ) g> A(B)[-2k], 

where a = #A. The complexes A* (A) and A(B) are defined in §1.2.81 

Then the groups (3 [A] and &[B] act on this complex. If A = [l,a],B = 
[1, 6], then we have 

H l (£ A , E B , k) =f a A • • • A f x ■ Z a _ +k (E a x E\ 2k + a - b - i) ■ e x A ■ ■ ■ A e b 

4.2.2. Object and morphisms of (EM). For a natural number n, E^ 1,n ^ are 
denoted by E n . We define quasi-DG category of naive elliptic motives (EM). 
As for the definition of quasi-DG category, see §4.2.41 The objects and com- 
plexes of homomorphisms of (EM) are defined as follows: 

(1) An object of (EM) is a finite dimensional complex of (9-comodule. 

(2) Sym a <g> (Alt 2 )®(-^ is denoted by Sym a (p). Let Sym a (s) : Sym b (t) 
be elements in Irr^. We set 

Ham' EM (Sym a (s) 1 Sym b (t)) 

=sym a W(E a , E b , t - s)sym b . 

(3) Let Ui, U2 be finite dimensional complexes of 0-comodules. The com- 
plex of homomorphisms is defined by 

Hom EM (U 1 ,U 2 ) 
= ®v lt v a eim Hom (Ui, Vl) ® Hom EM (Vi , V 2 ) ® Harriot, U 2 ). 

4.2.3. Multiplication map for (EM). Here 7r is the projector to the x - P ar t 
for the action of group and Z'(X, •) denotes the Bloch cycle group of cubical 
type of X. The intersection theory for Bloch cycle complexes we have a 
"homomorphism" of complex 

II : Z Pl (E mi x E m2 ,qi) <g> Z P2 (E m2 x E m \q 2 ) 
Z Pi+P2-m2( E mi x E m3 , qi +q 2 ). 
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Roughly speaking, this intersection homomorphism IT is defined by 

z <g> w ^ pr 13 *((z xw)C] (E mi x A m2 x E™ 3 x D qi+q2 )). 

Here A m is the image of the diagonal map E m — > E m x E m and pr± 3 * is the 
push forward for the map 

(E mi x E m2 x £ m3 x □ 91 + 92 )) x £ ms x n 91 ^ 2 )). 

4.2.4. To get the correct definition of IT, it is necessary to take a quasi- 
isomorphic subcomplex of Z Pl (E mi x E m2 , <?i) ® Z P2 (E™ 2 x E ma , q 2 ) consist- 
ing of elements which intersect properly to all the boundary stratification of 
(£ mi x A m2 x E m3 x D^+i 2 )). See [Han], Proposition 1.3, p.112, and [Le] . 
Corollary 4.8, p. 297, for details. A homomorphism of complex which is defined 
only on a quasi-isomorphic subcomplex is called a quasi-morphism. Similarly, 
a DGA whose "multiplication" is defined only on a quasi-isomorphic sub- 
complex is called a quasi-DGA. We can similarly define quasi-DG category, 
quasi-comodule over a quasi-DG Hopf algebra. 

4.2.5. Thus by taking projector and the above intersection pairing, we have 
a quasi-morphism of complexes. 

(4.10) 

H^ EM {Sym m \ qi ),Sym m2 {q 2 ))®H^ EM {Sym^ 
^HcnREM(Sy^( qi ),Sym^(q 3 )) 
Here the sign rule for the pairing of "orientations" are given by 

(ei A-..e a )<8)(/ A---A/i) m- 1. 
Using the above pairing, we define quasi-DGA's (EM), (MEM) as follows. 
Definition 4.7. (1) We define a relative quasi-DGA Aem by 
Aem = ®v ± ,v 2 eirr 2 Vi <g> Hom FM (Vi, V 2 ) ® V 2 * 
The multiplication map [i is given by 
Aem ®o A E m 

= ®v 1 ,v 2 ,v 3 eirr 2 V x ® Ham EM (V u V 2 ) ® Hom EM (V 2 , V 3 ) ® V 3 * 
-^©Vi.Vaeirra Vi 8> Hom EM (Vj, V 3 ) ® y 3 *, 

where the last arrow is induced by the multiplication map of \4-lQ) - 

(2) VFe define the quasi-DG category (EM) by C(Aem /O) defined in 

(3) The quasi-DG category K(EM) of DG complexes in (EM) is called 
the category of mixed elliptic motives and is denoted by (MEM). 

Let Ui, U 2 and U 3 be an object in (EM). Then we have an identification 

Hom EM (Ui, U 2 ) ~ ® VuV2eIrr2 Hom (Ui, Vi)® Hom EM (Vi, V 2 )®Hom (V 2 , U 2 ). 
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The multiplication is given by the following composite map: 
(4.11) Hom EM (Ui , U 2 ) ® Hom EM (U^ U 3 ) 

= ®v 1 ,V2,v^v 3 eirr 2 Hom (Ui, Vi) <g) Hom EM (Vi, V 2 ) <S> Hom (V 2 , U 2 ) 
<8> Hom (U 2 , Vi) ® Hom EM (V 2 \ V 3 )Hom (V 3 , U 3 ) 

®v 1 ,v 2 ,v 3 eirr 2 Homo(Ui,Vi) ® Hom FM (VuV?) 
<g> Hom EM (V 2 ,V 3 ) ® Hom (V 3 ,U 3 ) 

A ®v 1 ,V 3 eirr 2 Homo(Ui, V\) ® Hom FM (V\, V 3 ) <g> Hom (V 3: U 3 ) 
= Hom EM (U 1 ,U 3 ), 

where a is induced by the multiplication in (9-homomorphisms 

Hom (V 2 , U 2 ) ® Hom (U 2 , V 2 ) -»■ ifom (y 2 , V 2 ) ~ k 

for V2 = V2 and the map /? is defined in (14. 1011 . The composite map for (EM) 
is defined by the rule (13. ip . 

4.2.6. Augmentation. We introduce an augmentation €em '■ Aem — > k. The 
augmentation is defined by the composite map 

Hom% M (Sym n (q),Sym n (q)) 

~sym n (f n A • • • A h)Z n _(E n x E n , 0)(ei A • • • e n ) S2 /m" 

^sym n (f n A • • • A h)CH^(E n x £ n , 0)(ei A • • • e n ) S2 /m™ 

^sym n (f n A • • • A h)CH^_(E n x 0)(ei A • • • e„) S p" 

-Q, 

where CH^ om _ is the (— )-part of the Chow group modulo homological equiv- 
alence. Here we use the assumption that the elliptic curve E has no complex 
multiplication. On the component Ham? EM (Sym ni (qi), Sym n2 (q 2 )), where 
either i 7^ 0, n\ 7^ n 2 or q-y 7^ q 2 , the augmentation is set to the zero map. By 
Theorem 13.141 we have the following theorem. 

Theorem 4.8. The quasi-DG category (MEM) of naive mixed elliptic mo- 
tives is homotopy equivalent to the quasi-DG category (Bar(A E M/0, €em) — 
com) of Bar(A E M /0,eEM)-comodules. 

4.3. An application of Schur-Weyl reciprocity. In this section, we re- 
view some properties of group ring of symmetric group. For a finite set A, 
the symmetric group of the set A is denoted by ©[-A]. Assume that a finite 
set A is equipped with a total order. A sequence of integers (Ai, . . . , A p ) is 
called a partition if Ai > • • • > A n > 0. A tableau Y consisting of a set A is 
defined in [M] . Then the support of Y is a partition. 

Let W be a vector space and W{ be a copy of W indexed by i E A. The 
tensor product (S^eA^i is denoted by W® A . The set of tableaux consisting 
of a finite set A is denoted by Tab(A). 

For a tableau Y consisting of A, we can define a projector ey G Q[(5L4]] by 
ey = e symY e a it Y , where e symY and e a u Y are symmetric and anti-symmetric 
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projectors for horizontal and vertical symmetric subgroups. (See [M]-) The 
projector ey defines a GL(VF)-homomorphism VF®" 4 — > W® A and the image 

e Y W® A = M Y (W) 

is an irreducible representation of GL(W) and My becomes a functor from 
(Vectk) to (Vect^). The isomorphism class of the functor My depends only 
on the support of the tableaux Y of A, and the set of isomorphism class of 
irreducible representation contained in W® n corresponds in one to one with 
the set of partition of n. 

On the other hand, for any projector p : VF®" 4 — > VF®" 4 of GL(VF)-modules, 
there exists an idempotent ep G Q[<S[A|] which induces the projector p. 
Moreover, if j^A < dim(W), the idempotent e p which induces the projector 
p is unique by Schur-Weyl reciprocity [Wj, p. 150. 

Definition 4.9. The linear map Q[Isom(S, S')] —> Q[Isom(S' , S)] defined 
by g ^ g~ x is called the adjoint map. The adjoint of x is denoted by x* . 
An element x in Q[&[A}} is called self-adjoint if x = x* . We have e Y = 

For three sets S, S' and 5"' with the same cardinality, and x G Q[Isom(S, S')] 
and y G Q[Isom(S' , S")], we have (yx)* = x*y*. 

We can reformulate for the set of isomorphisms between A and A' instead 
of automorphism of A. Let A and A' be a finite set such that #A = #A' < 
dim(W). Then any GL(VF)-equivariant homomorphism (p : VF®" 4 — > VF®" 4 
is induced by a unique element in Q[Isom(A, A')}. This action is writ- 
ten from the left. An element e of Q[I som(A' , A)] acts on VF®^ from the 
right via the conjugate e* of e. Thus properties for elements in Q[(3[A]] and 
Q[Isom(A, A')} is reduced to that of GL(W) equivariant homomorphisms 
between VF®^ and VF®^ . In other words, the natural map 

(4.12) Q[Isom(S, S')} -)• Hom GL{w) (W® s , W® s ') 

is an isomorphism. Via this isomorphism, we have the following isomorphism 

Hom GL ( W )(M Yl , My 2 ) ^ ey 2 Q[/som(Supp(Y"i), Supp(Y 2 ))]e Yl . 

The symmetric product SymAiW) and alternating product AUa(W) are 
defined as subspaces of W® A corresponding to the Young tableaux with sup- 
ports {n) and (1, 1, . . . , 1) = (l n ), where n = #A The associate idempotents 
are written as sywiA and alt a- For a subset B of A, the element syrriB and 
alts can be regarded as elements in Q[(5L4]]. 

Definition 4.10 (Category (GL^)). Let Y^ be Young tableaux and V, com- 
plexes of vector spaces. The direct sum ©^My © Vi becomes a functor from 
(Vect) to (KVect) . A functor which is isomorphic to this form is called a 
Schur functor. The full subcategory of (Vect) — > (KVect) consisting of Schur 
functors is denoted by (GL^). 

Lemma 4.11. The category (GL^) is closed under tensor product. 
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The set of partitions is denoted by V We choose a tableau Y for each 
partition | Y | and the set of chosen tableaux is denoted by V. 



Proof of Lemma \4-H\ Let Y\ and Y<i be Young tableaux. The tensor product 
My 1 ® My 2 of M Yl and My, is isomorphic to 

® Yef ,Hom (GLoc) (M Y , M Yl ® My 2 ) ® My. 

The the subspace Hom^Q Loa ^(M Y , My <g> My 2 ) is finite dimensional and it is 
zero for finite number of partitions | Y \& V. □ 

4.4. Virtual mixed elliptic motives. We use the set V of Young tableaux 
chosen in the last subsection. 

4.4.1. In this section, we define the quasi-DG category of virtual elliptic 
motives (VEM) for the elliptic curve E. 

Definition 4.12. (1) An object of (VEM) is a direct sum of symbolic 
Tate twisted object M(p), where M is an object in ob(GL QO ). 

(2) Let M\(px) and M 2 (p 2 ) be objects in (VEM). We define the complex 
of homomorphisms by 

Ho1Rvem(Mi(pi),M 2 (p 2 )) 

= ©y l5 y 2 (Hom GLoc (M 1 ,M Yl )®e Yl H'(E s ^\E s ^\p 2 -p 1 )e Y2 
®Hom GLoo (M Y2 ,M 2 )), 

where *) is defined in 

(3) The multiplication is defined by the intersection theory and the rule 
\4- H\ )- Composite of complex of homomorphisms is defined by 

fog = (-l) d ^ d ^)g.f, 

where ■ is the multiplication. 

(4) We define the quasi-DG category of virtual mixed elliptic motives 
(VMEM) by K(VEM). 

4.4.2. We define Young tableaux Y PiTl as follows. 



Y 



1 3 • ■ ■ 2p-l 2p + l ■ ■ ■ 2p + m 

2 4 •■■ 2p 



Proposition 4.13. (1) The objects Sym n and M YjP (p) of (VEM) are 
homotopy equivalent in the sense of Definition \4-14\ (%)■ 
(2) If either the depth of Y\ or that of Y 2 is greater than 2, then the 
complex Horn 1 (My 1 (s), M Y2 (t)) is acyclic. 

Proof. (1) We denote the set {1, • • • , 2p + n} by A. Let p A £ Q[6[A]] be the 
projector 

alt(l, 2)alt(3, 4) • ■ ■ alt(2p - 1, 2p)sym n . 
The projector p* A induces the isomorphism 

e Y H X (E)® A ~p* A H l (E)® A 
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of the cohomology groups. By Corollary 4.5(1) and the Schur-Weyl reci- 
procity, it induces a homotopy equivalence between the objects M PA (p) and 
My Piii (p). So it suffices to show that the objects Sym n and M PA (p) are homo- 
topy equivalent. Let pr 2 : E n x E 2p+n = E n x E 2p x E n — > E 2p be the projec- 
tion to the second factor and pr 13 : E n x E 2p+n = E n x E 2p x E n ^ E n x E n 
be the projection to the product of the first and the third factors. 
Let 

(4.13) I G Hom°(Sym n ,M PA (p)) 

be the closed homomorphism of degree zero defined by 

sym n f n A • ■ ■ A /i{(pr 2 *(-^(A+ - A")) p ) D pr* 13 A En }_ ei A • • • A e 2p+n p A , 

where the subscript _ means the (— )-part by the action of the group (Z/2Z) n x 
(Z/2Z) A , and let 

(4.14) J G Hom°(M PA (p),Sym n ) 
be the element defined by 

PAf2 P +n A • • • A ft{A p x A E u}_ ei A • • • A e n sym n . 

The composite class [J] o [I] g H° (Hom(Sym n , Sym n )) is equal to the class 
of the diagonal by the intersection equality 

[-i(A+-A-)]n[A] = {0}. 

By changing the cycles I and J to their rationally equivalent ones [/'] and 
[J'], the class [/' o J'] G H° Hom (M Yp „ ( V) (p) , M Vf n (V) (p) ) is homologous 
to the diagonal from Corollary 4.6. 

(2) Let pi = U|Yi|. If the depth of Fi is greater than 2, then the cohomology 
class of 

1m, 2 = ey^A^J.ey, G Z p J(E p i x E Pl ) 
is zero. It follows from Proposition 4.1 that this class is rationally trivial. □ 

Definition 4.14. Let F : C\ — > C2 be a functor of two DG-categories C\ and 

(1) The functor F is said to be homotopy fully faithful if the map 

Horr£ i (A, B) ^ Hom^ (F(A), F(B)) 

is a quasi-isomorphism for all A,B G ob(C\). 

(2) Two objects M, N in C 2 are said to be homotopy equivalent if there 
exist closed homomorphisms I, J of degree zero 

I G Ham °(M, N), J G Hom °(N,M), 

such that the cohomology classes IoJ and Jol are equal to identities. 

(3) The functor F is said to be homotopy essentially surjective if for any 
object M in C 2 , there exists an object N in C\ such that F(N) is 
homotopy equivalent to M . 
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(4) The functor F is said to be weak homotopy equivalent if it is homotopy 
fully faithful and homotopy essentially surjective. 

The following proposition is a consequence of Proposition 14.131 

Proposition 4.15. The natural functor (MEM) — > (VMEM) is weak ho- 
motopy equivalent. 

4.5. Bar complex of a small DG-category. 

4.5.1. Let T 2 be a set. We consider a small DG category C 2 whose class 
of objects is the set T 2 . The complex of homomorphisms Hom C 2 (Vi , V?) is 
denoted by H(V±, V2). The multiplication 

77 : H(V U V 2 ) <g> H(V 2 , V 3 ) -> H{V U V 3 ) 

is defined by the composite of the transposition and the composite of the com- 
plex of homomorphisms. Let ev : C 2 — > Vect^ be a functor of DG categories. 
Here the category Vect^ of vector spaces is a DG category in obvious way. 
The functor ev is called an augmentation of C 2 . 

In this subsection, we define _Bar(C 2 ,ev). For a finite sequence a = (cto < 
■ ■ ■ < a n ) of integers, we define _Bar a (C 2 , ev) by 

ev(V ) ®H{V Q ,Vx) ® ••• ® H{V n -i, V n ) ® ev(V n )* J . 

We define a complex Bar n (C 2 , ev) by 

©| a | =n Bar a (C 2 ,ew). 
For j3 = (ao 5 • • • > ctfc) • • ■ 5 a n), w e define 

c^ Q : Bar Q (C 2 ,ew) -»■ Bar^(C 2 ,eu) 

by 

d/3,a(v ® <^01 ® • • • <8> <^n-ln © V*) 

{ev(^oi) («o) ® ¥>12 ® • • • ® Vn-ln ® < ( if fc = °) 

«o ® • • • ® (^fc-i.fc • <^fc,fc+i) ® • • • ® < (if 1 < k < n) 

V0®<P0\®---® ip n - 2 ,n-l © (v* O ev(v? n _l n )) (if k = n) . 

By taking summation for a and /5, we have a double complex 

•••—>• Bar n (C 2 , ev) -»■ Bar n _i(C 2 , ev) ->• . . . 

-»■ Bari(C 2 , ev) -> Bar (C 2 , ev) -> 0. 

Definition 4.16. TTie 6ar complex £?ar(C 2 ,et>) defined by the associate 
simple complex o/Bar(C 2 , ev). 
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4.5.2. Let T\ and T 2 be sets and we consider a surjective map <p : T\ — > T 2 
and a section ip : T 2 — > Ti, i.e. p o ip = idr 2 - We introduce a DG category 
y?*C 2 as follows. 

(1) The class of objects is defined to be T\. 

(2) For elements Vi, V 2 in Ti, the complex of homomorphism Horn * c „ (Vi, V%) 
is defined to be Hom C 2 ((p(V\), ^(V^)). 

(3) The composite of the complex of homomorphisms are defined to be 
those in C 2 . 

Note that if <p(Vi) = ^(^2) = W, then V\ and V2 are canonically isomorphic 
in p* C%. The composite of functors ev o p : ip*C<i — ^ C2 — ^ Vect^ defines an 
augmentation of <p*Ci- 

Then we also have a bar complex Bar((p*C2, ev o p). The natural functor 
p : <£>*C 2 — > C2 defines a homomorphism of bar complexes 

Bar(p) : Bar(p*C2, ev o ip) — > £?ar(C 2 , ev). 
Proposition 4.17. The homomorphism Bar(p) is a quasi-isomorphism. 
Proof. The map ip : T 2 — > T\ defines a homomorphism of complex 

Bar(ip) : £?ar(C 2 , et>) —> _Bar(</?*C 2 , et> o <£>). 

One can check that the composite Bar(p) o Bar(ip) is the identity. We will 
show that Bar(ip) o Bar(p) induces the identity on the cohomologies. 

Let N be an integer. By taking summations for a = (ao < • • • < a n ) such 
that iV < cto, we obtain a subcomplex £?ar(C 2 , et> ) at< of Sar(C 2 , ev). (In the 
proof of Proposition 12 .7[ we used the similar notation.) We define a map 

9 : Bar(<p*C2, ev o ip) N< — y Bar(p*C2, ev o <p) n-k 

of degree —1 such that 

(4.15) ol6 + 6d = Bar(ip) o Bar(p) - 1 

on V\Bar(<^*C 2 , eu o p)n<- The composite map ip o (p is denoted by r and 
ff(^,^ +1 ),F(^,r(Vi)) and #(r(V;), r(V i+1 )) are denoted by H hl+ll H t J 
and H^jj-j. The element in i+T corresponding to ^1,1+1 m ^i.i+i is de- 
noted by </?7 Tqrx- ^ ne element in H~ corresponding to the identity is denoted 

(i) 

by id-. For i = 0, . . . , n, we define 0^ as follows. 

6\ ' :ev(V )* ® H 0A <g> •■■ ® fl»_i, n ® ev(K) 

ev(V )* ® H 0A ® ■ ■ ■ g> fl^^ (8) H iri ® H JWI --- ® eu(r(V n )) 

<8> ^0,1 ® • • • <8> <^n-l,n ® U n 

AT ao «i-2 a; a„ 

h-> U ® Vo,l ® • • • ® <pi-l,t ® ® " " ' ® 



42 KENICHIRO KIMURA AND TOMOHIDE TERASOMA 

The map 9^ 

#i j :ey(l/ ) ® #0,1 ® • • • ® fln-l,n ® eu^) 

->■ eu(Vb)* ® #o,i ® • • • ® ffi-i,< ® ® fl"t,i+i • • • ® eu(K 



for i = 0, . . . , n is defined similarly. Then one can check that the identity 

dUS} holds for 6 = Er=o(- 1 ) i (^f ) - e 2 ] )- B y takin § the inductive limit for 
N, we have the proposition. □ 

4.5.3. Let TT = {(Y,p)} the set of twisted tableaux, i.e. pairs ofYEV and 
p G Z. We define a small DG category Cvem as follows. 

(1) The class of objects is TT. 

(2) For elements V\ = (Y"i,pi), V 2 = (Y 2 ,p 2 ) G TT, the complex of homo- 
morphism is given by 

H(V t ,V 2 ) = Hom VEM (M Yl ( Pl ),M Y2 (p 2 )). 

For a two dimensional vector space V let evy be a functor from (VEM) to 
(KVect) defined by 

M Y (p) h-> My(F) ® (A/t 2 (y))®(" p ). 

We have defined the bar complex Bar(CvEMi evy). Let TT<i be the set of 
twisted tableaux of depth smaller than or equal to one and Cem be the full 
sub DG category of M Y with Y G TT<i. If V is the standard representation 
of the group GL 2 then we have 

Bar(A EM , e) = Bar(C E M, ev v )- 

By Proposition 14.131 and Proposition 14.17} we have the following proposi- 
tion. 

Proposition 4.18. The natural homomorphism 

Bar(C E M,ev v ) -> Bar(C V EM,ev v ) 
is a quasi-isomorphism. 

Proof. Let TT<i be the set of twisted tableaux of depth smaller than or equal 
to one. We define a surjective map ip : TT — > TT<i by 



<P(Y) 



Y , m (q-p) if Y = Y p>m (q) 
otherwise. 



Then the natural inclusion ijj : TT<i — > TT is a section of (p. By Proposition 
I4.17[ the map Bar(ip) : Bar (<p* Cem) Bar (Cem) is a quasi-isomorphism. 
As a consequence, the natural inclusion 

(4.16) Bar(iP) : Bar (Cem) -> Bar(ip*C EM ) 

is also a quasi-isomorphism. We define a DG functor ot '. <p*Cem — ^ Cvem as 
follows. 
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(1) The map on the set of objects are identity. 

(2) For objects M Yl ,My 2 with Y 1 ,Y 2 e TT, the map 

a Yl ,y 2 -Ham^cEM ( M n > m y 2 ) 

=Hom CvEM (M ip(Yl) ,M ip{Y2) ) Homc VEM (M Yl ,M Y2 ) 

is obtained by the homotopy equivalence given in Proposition 4.12. 
Then the composite of the functor a and the augmentation map evy : Cvem 
Vect is equal to the augmentation map evy of <p*Cem- Therefore we have 
the following homomorphism of bar complexes: 

(4.17) Bar(f*C E M, ev v ) -> Bar(CvEM, evy)- 

Since the maps ay 1 ,y 2 are quasi-isomorphisms, the above map is a quasi- 
isomorphism. By the quasi-isomorphisms ( 14.161) and (14.171) . we have the re- 
quired quasi-isomorphism. □ 

By the similar argument as in §3.3} we have the following proposition. 

Proposition 4.19. The quasi-DG category of comodules over the bar complex 
Bar(CvEM,evv) is homotopy equivalent to the quasi-DG category (VMEM) 
of virtual mixed elliptic motives. 

Before giving the outline of the proof, we define the contraction map con. 

4.5.4. Definition of the map con. Let Nq,Ni,N 2 be objects in (VEM) and 
p be an integer. We assume that N 2 = ®iM Yi (jp) <g> V$. We introduce a 
contraction homomorphism con by the composite of 

H(N 1 ,N 2 )^H(N 2 ,N 3 ) 

= ®Y,{ P ),Y 2 ( P )eTT H{N X , M Yl (p)) ® Hom GLoo (M Yl (p),N 2 ) 

®Hom GLoo (N 2 ,M Y2 (p))®H(M Y2 (p),Nz) 

^ ®Y{ P )eTT H{N U M Y (p)) <g> H(M Y (p), N 3 ) 
Here the map r is the map induced by the multiplication: 

r :Hom GLoa (My,, N x ) <g> Hom GLoc (N u My 3 ) 

-> Hom GLoo (M Yl ,M Y2 ) ~ 

Similarly, we can define homomorphisms con: 

evv(N Q )^H(N ,N 1 ) ->• ©y( p ) eT Te^(M r (p)) ® H{M Y (p), NJ, 

HiNo,^)® ewiNt)* ® Y{p) eTTH(N ,M Y (p)) <g> eu v (M y (p))*. 

By composing the above contraction, we define the following map, which is 
also called a contraction: 

(4.18) F(C7o, E/i) ® • • • ® H(U n -!,U n ) 

->• ©y ,...,^eTT#om GLoo ([/o, My ) <8> H(M Yo ,M Yl ) g> • - • 
® H(M Yn _ 1 , M Yn ) ® Hom GLoo {M Yn ,U n ). 



k (Yi = r 2 ) 
o (Fi ^ r 2 ) 
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4.5.5. Outline of the proof of Prop \4-19 



Proof. The proof is similar to Theorem l3.141 We only give the correspondence 
on objects. Let W = (W l , dji) be a DG-complex in (VEM). We introduce a 
Bar(CvEM, eiv)-comodule structure 

A w : ev v (W) -> Bar(C V EM, ev v ) ® ev v (W) 

on evyiW) = ®iev y (W l )e~ l . For an index a = (ao < ■ ■ • < a n ) such that 
ao = i, a n = j, the component 

: ev v (W l ) ->■ Bar{C, ev v ) a <g) ev v (W J ) 

can be described as follows. By the data dji G H(W l : W- 7 ') of the DG complex 
W, we define an element 

D a =d ao , ai ® ■ ■ ■ ® d an _ uan eH(W a \W a ')®---®H(W a -\W a -). 

By the contraction map (14.181) . we have the following map 

H(W a °, W ai ) ® • • • <g) H(W a —\W a ") 
-> ©F ,..,y„eTT Hom GLac (W a °,M Yo ) <g> H(M Yo ,M Yl ) <g> . . . 

® H{M Yn _ x ,M Yn ) <g> Hom GLoa (M Yn , 
-> ffiy ,.,r„6TT ffom K iw(eMW ao ),etv(My )) ® H(M Yo ,M Yl ) ® . . . 

® H(M Yn _ 17 M Yn ) <g> Hom KVect (ev v (M Yn ), ev v (W a ")). 

The image of _D a under the map defines the required map 



ev v (My ) ® H[M Yo ,M Yli 



Ot n -l 



H{M Yn _ lt M Yn ) ®ev v (M Yn 



ev v {W an ). 

□ 



Definition 4.20. TTie quasi-DG category of comodule over Bar(CvEM) is 
called a quasi-DG category of mixed elliptic motives. The homotopy category 
becomes a triangulated category and it is called the triangulated category of 
virtual mixed elliptic motives. 

Remark 4.21. in i/ws section, we assume that E is an elliptic curve over a 
field K. In general we can modify the definition of relative quasi-DG category 
and relative quasi-DG algebra for an elliptic curve X — > S over an arbitrary 
schemeS over a field k. Then Bar(CyEM)(E / S) andVMEM(E/S) become 
a contravariant functor and a fibered quasi-DG category over non- CM points 
(Sch/S) non - C M of(Sch/S). 

4.6. Tensor and antipodal structure on DG category. 
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4.6.1. Let C be a DG category. 

Definition 4.22. (1) A tensor structure (C, ©)onC consists of 

(a) The biadditive correspondence 

• © • : ob(C) x ob(C) ->■ 06(C) : (M, AT) M © AT 

on pairs of objects, and 

(b) a natural homomorphism of complexes 

Hom '(M 1 ,M 2 ) © Horn*(N 1 ,N 2 ) Horn (Mi © N 1 ,M 2 ® N 2 ). 

(2) t4 tensor structure (C, ©) satisfies the distributive law if the relation 

(/l © / 2 ) O (<7l © <? 2 ) = (-l) d *> d ^^(/ l05l ) © (/ 2 O02), 

is satisfied for fi G Horn * (Mi, Ni), gi G Horn * (Li, Mi) for i = 1, 2. 

(3) Let (C,©) 6e a tensor structure on the category C. A system {ca,b} 
of closed degree zero isomorphisms ca,b : A® B B ® A is called the 
commutativity constrain if ca,b and cb,a are inverse to each other 
and they satisfies the relation: 

(fN © /m) o Cjlfi]JVl =(-l) de s(/-) de g(^) CM2 ^ 2 o (f m © f N ) 

G Hom(Mi © iVi, iV 2 © M 2 ) 

/or /m G Hom(M\, M 2 ), fN G Hom(N\, N 2 ). 

(4) Let (C, (8)) &e a tensor structure on the category C. A system {ca,b,c} 
of closed degree zero isomorphisms c a, b,c '■ (A®B)®C — > A©(£?©C) 
is called the associativity constrain if the following holds: 

cl 2 ,m 2 ,n 2 ° (Ul © /m) © /at) =(/l © (/m © /at)) ° c LlMl ,N 1 

E Hom ((Li © Mi) © AT 1; L 2 © (iV 2 © M 2 )) 

forf L eH m i(L 1 ,L 2 )J M eH m i(M 1 ,M 2 )J N eHam(N 1 ,N 2 ). 

4.6.2. The following example illustrates the category of naive elliptic motives 
does not have a natural tensor structure with the distributive property. On 
the category of RepcL(v): we have V®V ~ Sym 2 (V)®Q(— 1). Let Vi, . . . , Vq 
be copies of V and choose an isomorphism V 3 © V4 = Sym 2 (V) © Q(— 1). We 
consider the composites of 

id 3 © id 4 G Hom°(V 3 © V 4 , V 5 © Vfc), idi © irf 2 G flom°(V"i © l/ 2 , V 3 © V4) 

and consider a decomposition 

io! 3 © i<i 4 = Si + A\, %d\ © z<i 2 = + A 2 

according to the decomposition 

zci 3 © zo! 4 G Hom°(V 3 © V4, V5 © = Horn (Sum 2 © Q(-l), V 5 © V 6 ), 

idi © io! 2 G Hom °(Vi © F 2 , V 3 © V4) = Hom °(Vi © F 2 , Sym 2 © Q(-l)). 

Let A+- and A~ be divisors defined by and 2^ + = 0, where Xi is 

the coordinate of the copy Ei. Thus Ai and A 2 are equal to ^(A^ 6 + A^ 6 ) and 
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§(A+ 2 + A 12 ) as elements in Z*(pt x (E 5 x E 6 ),») and Z*((E X x £? 2 ) x pt, •)• 
Therefore the A\ o A 2 composite is equal to 

^(^ 6 -A- 6 )n(A+ -Ar 2 ) 

On the other hand, the anti-symmetric part A of (icfe o z<ii) ® (z<i4 o i<i 2 ) is 
equal to the intersection 

(A?5 - Ar 5 ) n (A+ - A" ) + (A+ - A" ) n (A+ - A" ) 

Though A and Ai o A 2 are homotopy equivalent, they are different as cycles. 

4.6.3. Using the inverse of S, we have a transpose representation M* on 
M* = Horrik(M, k), which is a left .S-comodule on the underlying right S 1 - 
comodule M* . In general, we introduce an antipodal structure on DG cate- 
gories. 

Definition 4.23. Let C be a DG category with a tensor structure. A pair of 

(1) contravariant functor C — >■ C : M — >■ M*, and 

(2) a system of degree zero closed isomorphisms 

6 : (M <g> iV)* ->• M l ®N l 
is called an antipodal structure on C if the following diagram commutes. 

Home (M-l , iVi ) <g) if om c (M 2 , N 2 ) ^> #om c (Mi <g> M 2 , JVi <g> N 2 ) 

I I 
#om c (AT* , Mf ) <g> #om c (AT* , M|) ^> #om c (AT* <g> AT* , M{ <g> Mj) 

|| aci(0) 
HomciiNt <g> JV 2 )*, (Mi <g> M 2 )*). 

4.6.4. Assume that C has a tensor structure (C, ®). We extend a tensor struc- 
ture (KC, ®) on the category ifC as follows. Let (V*, {aV,}) and (W, {e^}) 
be DG complexes in C. Then U l ® VF- 7 is an object in C. The relative DG 
complex structure (®i+j=k(V % <g> VF- 7 ), is given by 

/fci = ^ r(di P <8> r(l yi (g) e^q). 

i+j=k,p+j=l i+j—k,i+q=l 

We can check the following lemma. 

Lemma 4.24. If the tensor structure ® on C is distributive (resp. commuta- 
tive), the induced tensor structure on KC is also distributive (resp. commu- 
tative). 

4.6.5. Let C be a small DG-category and ev : C — > Vectk be an augmentation. 
This tensor structure on KC gives rise to the shuffle product on the relative 
bar complex Bar = Bar(C, ev) via the equivalence of categories as follows. 
Let Bar be the object in KC corresponding to the left Bar comodule Bar. 
By the tensor structure, the object Bar ® Bar in KC is defined. Therefore 
we have the corresponding object Bar <g> Bar in Bar-comodule. Let 

^■Bar^Bar '■ Bar (g> Bar — > Bar ® (Bar (g> Bar) 



1 

8 
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be the Bar- comodule structure on Bar £g> Bar. By composing the counit 
u®u: Bar £g> Bar — > k, we have a shuffle product 

Bar (g> Sar — > Bar. 

One can check the following properties. 

Proposition 4.25. If there is a commutative constrain (resp. associativity 
constrain), the shuffle product on Bar is commutative (resp. associative). 
Moreover, an antipodal structure on C gives an antipodal of Bar. 

4.7. Tensor product for virtual mixed elliptic motif. We define a tensor 
structure on (VEM) in this subsection. Let My 1 (pi), My 2 (p 2 ), My 3 (p 3 ) and 
My 4 (p4) be objects of (VEM). We define a homomorphism 

(4.19) 

Hom ( My 1 (pi ) , M Y3 (p 3 )) ® Hom(M Y2 (p 2 ) , My 4 (p 4 ) ) 
= ey.H* (£ s(yi \ E s(r3) ,P3 - Pi)ey 3 ® e Y2 W (E s ^\ E s ^\p A - p 2 )ey 4 
->• Hom(M Yl (pj ® My 2 (p 2 ),My 3 y g> My 4 (pJ) 
= ©Z! ,z 2 Hom GLoc (M Yl <8> My 2 , M Zl ) 
®Hom(M Zl (pi + Pi), Af Za (p 3 +^4)) 
<g> Hom GLoc (M Z2 ,My 3 <g> MyJ 
= ® Zl ,z 2 Hom GLoo (M Yl <8> My 2 , M Zl ) 

(8) Hom GLoo (M Z21 M Y3 ® MyJ. 
We choose bases {yzi,i} and {tpz 2 ,j} °f 

Hom GLoo (M Zl , M yi ® M Za ) and Hom GLoo (M Za , My 3 g> MyJ. 
Their dual bases in 

Hom GLoo (M Yl <8> Mz 2 ,M Zl ) and Hom GLoo (My, <8> My 4 , M Z J. 

under the composite paring are written as {vzi,J an< ^ { rt l ) *z 2 ,j}- Let (i, j, fc) = 
(1,1,3) or (2,2,4). For 

/j = ey < A(a i )2: i A(s fc )e n G e Yi H'{E^ Yi \ E s ^\p k - Pl )ey fe , 

we set 

f 1 xf 2 = (-l) #S3(#S2+deg( ^ 2))+#S2deg(2l) A(s 1 )A(s 3 )(Z 1 x Z 2 )A(s 2 )A(s 4 ). 
The map (14.191) is defined by 

ey 1 /iey 3 ® e Y J 2 e Yi H> ^ p*^ ® ((p Zl ,i[fi X fiWz^j) ® ^z 2 , r 

Zi,Z 2 ,i,j 

for Here Sj = s(lj and Z\xZ 2 is the product of algebraic cycles in EM^ 1 ) LI-LI sO^i)) x 
A* and p Zl>i and V> Z2ij acts on the space U'{E« Y ^ U s ^ 3 )) , U -W) ) .) 

from the left and the right via the Schur-Weyl reciprocity ( I4.12p . 
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Proposition 4.26 (Distributive relation). This tensor structure satisfies dis- 
tributive law. 

To prove the above proposition, we use the following easy lemma. 

Lemma 4.27. Let S be a finite set and 

(*,*)<? : Z\E a x E s ,p)®Z J (E s x E\ q) Z l+j (E a x E b ,p + q) 

be the composite with the push forward E a x A^s x E b — >■ E a x E b and the 
intersection with E a x A E s x E b . Let ip G Q[Isom(S' , S)]. The left and right 
action of ijj defines a homomorphisms 

Z l (E s ' x E h , q) Z l (E s x E b ', q), 
Z\E a x E s ,p) Z\E a x E s \p). 

Then we have (gip, f)s> = (g, i>f)s for f G Z i (E s> x E b , q) and g G Z i (E a x 
E s ,p). 

Proof. The lemma follows from the identity: 

{(x, w) E E a x E b \ (x, a(y)) G tr(/), (z, w) G tr(y) = z] 

={(x, w)EE a xE b \ (x, y) G /, (a'^z), w) G a'^g), y = a" 1 ^)}, 

for a G Isom(S, S'). □ 

Proof of Proposition^^ Let /j G Horn ' (Li, Mi), gi G Horn * (Mi, Nj) for 
z = 1,2. We check the distributive law for the multiplication map \x. We fix a 

bases fei.i}, {</>z 2 ,j} and 0/%,fc} of if om GLoo (M Zl , Li®L 2 ), Hom GLoo {Mz 2 ,M x { 
M2) and HomGL oa (Mz 3 , N\ <8> ./V2). The dual bases are written by {y?^ j}, 
{4>z 2 ,j} an d {V>z 3 fc}- We use the same notations for /i,/2 etc. as before. 
Then 

M(/i®/2) ® (01 ®0 2 )) 

E W^Li ® i ( Pz 1 ,i{h x h)4>*zi,j) ® <l>z 2 ,j) 

Z 1 ,Z 2 ,Z' 2 ,Z 3 ,i,j,j' ,k 

® (^j' ® (<t>z 2 ,j>{gi x g 2 Wz 3 ,k) ® ^ 3 ,fc) 
vk.i ® K( ( Pz 1 Ah x f2)<t>*z 2 ,j) ® (<Pz 2 ,j(gi x g 2 Wz 3 ,k)) ® V%,fc 

Zi,Z 3 ,i,fc 



<-i) deg(/2)deg(3i) £ ^x,<®(^i 

Zi,Z 3 ,i,fc 

:( _ 1) deg(/ 2 ) deg( 9l ) M ( /l g ^) g ^ g 



iPz 3 ,k)®ipz 3 ,k 
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□ 

4.7.1. Commutativity constraint and associativity constraint. We define a sys- 
tem of ciosed homomorphisms of degree zero cm,n and cl,m,n for L, M, N 6 
(VEM) by 

cm,n = 5^ OLi ® Ay ® a** G Hom VFM (M ® iV, iV <g> M) 

Y,i 

= ® Y Hom GLoa (M ®N,M Y ) 

Hom VEM (My , My) Homq T ,jM v , N ® M) 

CL,M,N = Pi ® Ay ® 0?* e Hom VFM ((L ® M) ® AT, L ® (M ® iV)) 

= ©y Hom GLoc ((L © M) © iV, My) 

© Hom VEM (M v , My) © Ham GLoc (My, L © (M (g) AT)) 

where {a^} (resp. and {a**} (resp. {/?"*}) are dual bases under the 

contraction pairing induced by the natural isomorphism 

M ® N ~ N ® M, (resp.(L © M) © iV ~ L © (M ® N) ) 

in GLoo. The following proposition is direct from the definitions. 

Proposition 4.28. XTie systems of the above maps cm,n and cl^m,n satisfy 
the commutativity axiom and the associativity axiom, respectively. 

4.7.2. Antipodal for (VEM) . We define a self-contravariant functor a : (VEM) — > 
(VEM) as follows. Let Y be a Young tableaux. We define 

(M Y ( P )) t = e Y (V^)(^s(Y)-p) 1 

where ey is the adjoint of ey defined in Definition 14 .91 We have the following 
isomorphism of complexes: 

n 9 (E A 1 E B 1 k) 

=A*(A)® Z a _ +k (E A x E B ,m) © A(B)[-2k] 
^A*(B)®Z b _ +(h - b+a) (E A x E B ,*)(g) A(A)[-2k + 2b - 2a] 
=U'(E B ,E A ,k-b + a), 

where a = #A, b = #B. Here r is defined by 

r(f a A • • • A /i ® z © e x A • • • e b ■ e~ 2k ) 
=(-l) (a+b) d ^)+ ab f h A • • ■ A /i ® z © ei A - • • e a • e -2fc+2£>-2a_ 
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Using the map r, the functor a for homomorphisms is defined by the following 
composite map: 

EomvEMdMrMY, (MyMY) 
=e Yl Hom VEM (V^ (si - pi),V® S2 (s 2 - p 2 ))e*y 2 
=e* Yi n'(E s \E s \s 2 - 8l + Pl -p 2 )e* Y2 

^eY 2 n'(E s \E s \ Pl -p 2 )e Yl 
— Horn y EM ( M Y 2 (P2 ) , M Yl (pi ) ) . 
Here Si = s(Yi) and £2 = s(Y 2 ). We can check the following proposition. 

Proposition 4.29. The map a defines a contravariant functor from (VEM) 
to (VEM). Moreover a defines an antipodal structure. 

Thus we have the following theorem. 

Theorem 4.30. (1) The natural DG functors 

(EM) -»■ (VEM), (MEM) (VMEM) 

are weak homotopy equivalent. 
(2) The quasi-DG category (VMEM) has distributive, commutative and 
associative tensor structure with an antipodal. 

4.8. Shuffle product of virtual bar complex Bar(V EM). In this sub- 
section, we give an explicit description of the shuffle product of Bar (VEM) 
introduced in §4.6.41 Let 

U(m,n) = {(^,...,p( m+n )) G (N 2 ) m+n+1 = (0,0),^ m+n) = (m,n), 

P (i+1) -P ( °6{(0,l),(0,l)}} 

be the set of shuffles. Let a = (p^°\ . . . , p( m + n )) be an element in U. For 
V , . . . , Vm, W ,...,W n G TT, we define Uf = V ai ® W h% , where p^ = 
(0^,6^). For a = («o < •■■ < a m ) and /3 = (/3 Q < ■■■ < j3 n ), we define 
1° = (To < • • ■ < 7m+n) by Ik = a a k + Pb k ' The complex of homomor- 
phisms Horn y em (A, B) is denoted as H (A, B). Let ipi $+i G H(Vi, Vi+i) and 
Vij+i G JSTCWj, W i+1 ). We define r£ fc+1 G H(U%, Ufa) by 

. fp« fc ,O fc+1 ®l if P ( fc+1 )-p( fc ) = (l,0) 

Tfc ' fc+1 \ 1 ® <p bk , bk+1 if - P w = (0, 1). 

For elements 

ceo a l O'n — l a„ 

V =V ® (p l ® • • • ® <£ n -l,n ® f* 

g ew (y ) ® #(Vb, Vi) ® • • • °® 1 #(K-i, K) ® ev(K)*, 

/3o /3i /3m -1 /3 TO 
W =U>0 ® V'Ol ® • • • ® ^m-l,m <8> W m 

G e^(Wo) I # (W , Wl) § - • • H(W m _i, W m ) ® e<W m )*, 
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we define (v\Jw) cr by 

~ 7o ll lm-\-n — 1 im-\-n 

{vUwY =(v ® wo) ® ^ ® ■ • ■ (8) r£ +n _ lim+n ® «®<J 

G ev(C^) ® H{Uq, U[) ® • • • \ 1 H(U^ +n _ x , U^ +n ) ® e^K +n )*. 
4.8.1. Using the maps con denned in I4.5.4[ we have the following map: 

ew(L7Sy ® J7(E/f , Etf) ® • • • V # TC+n, C£+»-i) ® ev(U^ +n ) 

(7 <T 

-> ©y„,...,y m+ „eTTe^(My )* ® H(M Yl ,M Yo ) ® • - • 

cr (j 
Tm — 1 Ttn 

® H{M Ym+n ,M Ym+n _ t ) ® ev(M Ym+n ). 

The image of (t> Uw) cr is denoted as (i> U m;) ". The shuffle product of the bar 
complex is defined similarly. 

Example 4.31. If cr = {(0, 0), (1, 0), (1, 1), (2, 1)}, f/ien E/f and r£,. +1 /ooA; 
as follows: 

Vi ® W x V 2 ® Wi 

t 1 ® V>oi 

For 6ar complex, we have and 

([^0 I Vol I ¥>12 I ^Pt^O I T l I 

=con((w <g> w ) <g> (v?oi <8 1) <8> (1 <2) V'oi) ® (V12 ® 1) ® <8> iWg)) 

Definition 4.32. We define the shuffle product vUw ofv, w G Bar(CvEM, evy) 
by 

(4.20) vUw= 

ff6U(m,n) 

We can check the following proposition by definition. 

Proposition 4.33. The shuffle product ^4.2ty coincides with that defined in 

EM 

By Proposition 14.28} 14.29} we have the following theorem. 

Theorem 4.34. The shuffle product on Bar(CvEM, evy) is commutative and 
associative. Therefore Bar(CvEM,evv) is a differential graded quasi-Hopf 
algebra and H°(Bar(CvEM,evv)) = H°(Bar(AEM,evv)) is a Hopf algebra. 
Therefore Spec(H°(Bar(AEM, eiy)) is a pro-algebraic group 

Definition 4.35 (Algebraic group Qmem)- (1) We define the pro-algebraic 
group Qmem = Spec(H°(Bar(A E M, ev v ))) 
(2) We define the Tannakian category Am em of mixed elliptic motives 
as the category of algebraic representations of Qmem- It is equivalent 
to the category of comodules over Spec(H°(Bar(AEM,evv)))- 
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5. Mixed elliptic motif associated to elliptic polylogarithm 

In the paper of [BL], they introduced an elliptic polylog motif Pl n . In this 
section, we construct an object Pl n in {MEM) concentrated at degree zero. 
Therefore the corresponding object defines a comodule over H° (Bar mem)- 
We write down the explicit comodule structure of Pl n in §5.51 

5.1. Simplicial, Cubical and Cubical-simplicial log complexes. In this 
section, we consider three double complexes Kg, K^, and K^ s . Let E be 
an elliptic curve over a field K and Eg the constant family of E over the 
base scheme B = E. Let s be the section of Eb defined by the diagonal map 
B Eb- The map e : x > s — x defines an action of Z/2Z on Eb- 

5.1.1. By using localization sequences for higher Chow group |B2J, we have 
the following proposition. 

Proposition 5.1 (Levin [L] Proposition 1.1). Let G be a finite group and 
X '■ G — > {±1} be a character of G. Let X be a variety with an action 
p : G — > Aut(X) of G. Let Zi C X (i = 1, . . . , k) be a closed subset and 

Gi = {g G G | p(x) = x for all x G Zi} 

be the stabilizer of points in Zi. Assume that x{Gi) = {±1}- Then we have 

(5.1) CHP(X - U^, q) x = CHP(X : q) x 

5.1.2. Simplicial log complex ~Ks,n- We set Zs, P = {I £ [l,n + 1] | = p} 
and Gs = & n +i- We set 

n+l 

(E^ +1 ) s = {p= (pi, . . . ,p n+1 ) G E^ +1 | ^ Pi =s}c E n B +1 

i=l 

and define divisors Ds,i = {p G (E^ +1 ) s \ pi = 0} for i = 1, . . . ,n + 1 and 
Dgj = r\i e iDi. The complex Kg n is defined by 

> ® IeXs 2 Z n -\E x D SJ , •) ->• © 7EXSil ^(E x D s> j, •) 

-^^ +1 (i?x (^ +1 ) s ,.)^0. 

The group G5 acts naturally on the complex Kg n . We define an open set 
(U% +1 )sOf (K +1 ) s by 

{Ub +1 )s = {El +1 ) 8 - U£tDs ti . 

By the localization sequence [B] . we have 

i^'(K s , n ) ^ CH n+1 (E x (^ +1 ) s ,n + 1 - j). 

and H 3 (Ks,n,sgn) ~ CH n+1 (U n+1 , n + l -j) sg n, where Ks, n)afln is the alter- 
nating part of the complex K.s,n for the action of & n +i- 



RELATIVE DGA AND MIXED ELLIPTIC MOTIVES 



53 



5.1.3. Cubical log complex Kc n . We define an index set 

Z ClP = {(/,¥>) |/c[l,n],#/ = p,^:/^{0,a}}, 

and a group 

(5.2) G c , n = G c = e n x (Z/2Z)" = {(r, a l5 . . . , <r n )}. 

Let V' be the non-trivial character of Z/2Z, and x be a character of Gc defined 
by 

(5.3) Xn(T,<7i,...,<7„) =x(t,0-i,...,<t„) = sgn{r)^{a 1 ) ■ ■ ■ ip{a n ). 

We define a family of subvarieties {Dq\j} of Eg of codimension p indexed 
by J G l c ,p by 

Dc,J = {(xi, . . . ,x n ) e Eg \ Xi = (p(i) for all i G /}, 

where J = (I, </?). The complex n is defined by 

> ® JeXca Z n - x (E x D c ,j, •) ->• ®j e x c , 1 Z n (E x D c ,j, •) 

-> Z n+1 (E x Eg,.) ->■ 0. 

The group (Z/2Z) n acts on the complex Kc, n by the action 

(o-i,...,<r n )(xi,...,x n ) = (o-i(xi),...,<r n (x n )), 

where 

Xi if (7 = id 

s — Xi if a ^ id 

using the action e : x h-> s — x. The x P ar t of the complex is denoted by 

K C,n, X - 

5.1.4. Cubical- simplicial log complex Kcs, n - We use the same notations for 
the group Gc and the action of Gc on Eg and the set of indices Ic,p- For 
1 < i 7^ j < ^, we define a divisor E- of Eg by 

D tj = i X i = X j}> D ij = { X i = °~A X j)}- 

The group Gc acts on the configuration {-D^}o<i<j<n- We set V = Ui<i<j< n E 
and (£ n )° = E n — V. We define a family of subvarieties {D CJ } in Eg of 
codimension p (J G Zc )P ) by E -, j = -Dc,J H (Eg) . The complex Kcs> is 
defined by 

• • • -+ ®jeic,,Z n -\E x E^ j, .) © JeXOil ^(E x E° ><7 , .) 

->■ Z n+1 (E x (Eg)°,«) ->■ 0. 
The x _ P ar t of the complex is denoted by K.cs,n,x- 

Proposition 5.2. Let x G E n 6e a point in £>. TTie t/ie restriction of x t° 
the stabilizer Stab x (Gc) of x in Gc is non-trivial. 

Proof. If x is contained in E^, then the permutation (ij) fixes x and x((u), 1) = 
— 1. If x is contained in E~, then the element ((ij),S) fixes the point x and 



3 



X ((ij), 5) = -1, where 5= (0, . . . , 0). □ 
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Corollary 5.3. The homomorphism of complexes IZc,n,x ~~ ^-cs,n,x ^ s a 
quasi-isomorphism. 

Proof. By the argument in Proposition 15.11 and Proposition 15.2} the complex 
Kcs,n,x i s quasi-isomorphic to the x _ P ar t of the complex 

► ® JeIc2 Z n -\E x D c ,j,») ®j e x c , 1 Z n (E x D CtJ ,m) 

-> Z n+1 (E x E%,m) -> 0. 

Therefore the natural restriction map Kc n x — > K-cs,n,x ^ s a quasi-isomorphism. 

□ 

5.2. Linear correspondences and their translations. For an element 
s G E n (K), the algebraic correspondence associated to the translation by s is 
denoted by T s e CH n (E n x E n ). Let F/K be a Galois extension of K, N a 
positive integer. Assume that all points S such that Ns = s are defined over 
F. Then 



J2n Ts 



Ts > N ~~ j\T2r 

JVs=s 

defines a correspondence in CH n (E n x i? n ). Note that the coefficient of Chow 
groups are Q. We have a natural inclusion: 

CH l (E n x E n J) ->■ CH l (X F x F E F: j). 

Lemma 5.4. (1) Under the above notations, the image ofT s ^ e CH n (E n x 
E n ) in CH n (E F x egnaZ to Tg. 

(2) Let ai, . . . , a p , bi, . . . , b p be points in E n (K) . Assume that J2 i a * = 
52 • 6j . Then J2 i T ai is equal to j as correspondences in CH n (E n x 
E n ). 

Let p be an action of a finite group G on the variety E n , preserving origin, 
X be a character of G to {±1}. Let P(x) = 177; x( (T ) (T * be the projector 

to %-part. Let 

i x : P{ X )CH\X x E n ,j) -+ CH\X x j), 
tt x : x E n J) P{ X )CH\X x j) 

be the natural inclusion and projection for the projector P(x)- 
Proposition 5.5. Under the above notations, the composite 

P{x)CW{X x E n ,j) % CH l {X x E n ,j) CH\X x E n ,j) 

^P(x)CW(XxE n ,j) 
is equal to T tr ( s ^ M where M = N ■ j^G and tr(s) = J2 a - e G (J ( s )- 
Proof. We may assume that all iV-torsion points of s and M-torsion points 
of tr(s) are defined over K. Let x = x(°") t "*-^] be an element in 
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P(x)CH l (X x E n ,j). We choose s and t such that Ns = s and #G-i = tr(S). 
Thus, we have 

PU)T atN (x) = x(T*)[T*a*Z + T*~s] 



<7,TeG 



^ £ X (a)[a*Z + r*§] 



□ 



5.2.1. Quasi-isomorphism K-s,n,sgn — > ^cs,n, x - We define an isomorphism 
a : (E™ +1 ) s ->■ Eg : (px, . . . ,p n+1 ) ^ (xi,...,x„) 

by 

Xi=pi, X 2 =Pl +P2,...,X n =Pl H hPn- 

Let / G If a(Dsj) tf. T>, then there exists a unique J G Xc p such that 

a(Ds,i) = Dc,J- Therefore the map 5 defines a homomorphism 

(5.4) Z\E x j) -+ Z\E x £> CJ , j), 

and by taking summations, we have a map of complexes a : Ks i?J — > T£cs,n- 
By composing inclusion K s , n ,sgn ->• K s>n and projector K CS)n ->■ K CSjn)X , 
we have the map of complex /? : K-s,n,sgn — > ^-cs,n, x - 

Proposition 5.6. The map f3 : K.s,n, sg n — > ^-cs,n, x ^ s a quasi-isomorphism. 
As a corollary, we have 

CH n+1 (E x (U% +1 ) s , n + 1- j) sgn ~ H*(K c , n , x ) 

Proof. Let I G Xs iP and J G Xc jP , 6/ and Gc,j be the stablizer of the 
component Dsj and Dc,j in @ n+ i and Gc, respectively. The restriction of 
the characters sgn and x to (5/ and Gc,J are denoted by (sgn, I) and (x, J). 
The proposition is reduced to the quasi-isomorphism of 

a : P(sgn, I)Z\E x D SJ J) sgnJ -+ P( X , J)Z\E x D c ,j,j) x ,j 

for et(Ds,i) = Dc,j- Therefore it is enough to show that the induced homo- 
morphism 

a : P(sgnJ)CH\E x D s ,i,j) sgn ,i -+ P( X , J)CH\E x D c ,j,j) x ,j 

is an isomorphism. This is reduced to the case where 7 = and J = 0. 
We consider the algebraic correspondence 

T S = {(xi,...,X„;pi,...,p„) = (pi,pi +P2,--.,PlH +Pn;Pl,---,Pn) 

g££ x b £™} eCH n {Ei x B E n B ). 

The action of a G © n +i and r G Gc is obtained by the graph Y(a) and r(r) 
of cr and r. 
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Let B be a finite flat Galois extension of B. Let po and qo be sections 
in Eg such that (n + l)po = s and 2q = s. We set p = (po, . . . , po) and 
q = (qo, • • • , qo)- The translations T p and T q by p and q is obtained by the 
algebraic correspondences T(T P ) and T(T q ). Then 

r(a Zin ) = r(T_ p )or(a)or(T p ) 
r(7i in ) = r(T_ q )or(r)or(r q ) 

are linear algebraic correspondences. By considering co ho mo logical classes, 
we have the following lemma. 

Lemma 5.7. We have the following equality in CH n (E^ x b Eg) for projec- 
tors: 

— — S*\ sgn(a) T E oT(a Hn ) oT s -i 

a€& n +i 



We set CH = CH % {E x Eg,j). We have the following commutative dia- 
gram: 

w 

P(sgn Hn )CH -A P(sgn)CH ^ P(x)CH — h P( X Un)CH 



isgn lin -i 4- it n Xlin 

CH ^ CH ^ CH CH 



By this commutative diagram, (*) is an isomorphism, since we have 

Txifa ° T -q ° T E O Tp O i sgn; . n = 7T Xiin O T_ q+Ep O T E O Z ssn; . n 



?tr(-q+Ep),#G ° r S , 



by Proposition 15.51 



□ 



Remark 5.8. In this section, we treat an elliptic curve over a field K. One 
can define the notion of mixed elliptic motives for a family of elliptic curve 
£ — > B over a base scheme B. 

5.3. Definition of LogM em • First we construct a mixed elliptic motif LogMEM 
in the category KC(Amem/@s)° ■ There are two constructions of LogMEM 
in [BL], one is in §1 and the other is in §6. In §5.2.11 we show that two double 
complexes associated to two constructions are quasi-isomorphic. 

Let E be an elliptic curve over K and B be a copy of E. Let Eg be the 
trivial family E x E of E over B and the inversion of E is written as i. Then 
the diagonal subvariety s defines a section of Eb over B. 

Let s be the section in Eg defined by the diagonal map. Let B be a flat 
finite variety over B such that 2-torsion points of s are defined in B. We 
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define a cycle ~i s>n in Z n+1 (E^ x £~ +1 ,0) by 



2s=s 



, . . . , X n . S, Xi, . . . , x 7 



Then this correspondence is defined over B, which is also denoted as i S}n . An 
element (a, e\, . . . , e n ) in the groups Z/2Z acts on E B by 

{x 1 ,...,x n )^([(-l) ei ]x 1 ,...,[(-l) e "]x n ) 

which is extended to the action of the group Gc,n defined in f )5.2p . Let Xn be 
the character of Gc, n defined in (15.31) . Then the group Gc, n x Gc, n +i acts on 



the group Z n+1 (E 7 i > x ,0). By applying the projector P(Xn) 4 P(Xn+i 

B B 



n+1 
B ' 

to i Sjn , we get an element i s ^ n in 

P( X n)Z n+1 (E n s X E n s +\0)P(Xn + l) 

By restricting to the open set B° = B — {0}, we have 

i s , n e H<mi 1 MEM/B o(Sym n (V)(n), Sym n+1 (V)(n + 1)) 

which is also denoted by i S}U . We introduce an object LogMEM,n in KC(Amem / Os) 
over B° by setting 

Log p MEM , n = Sy m v(V)(p) (0< P <n). 
Lemma 5.9. We have 

By the above lemma, by setting d p+ k, P = for k > 2, we have a DG 
complex Log m e m ,n 

0^ Q Sym 1 ^)^) -> > %m n (F)(n) ^0 

->• Log° MEM n Log x MEM n ->• ► Log n MEMn 0, 

using 

i s G Ham EM (Log l MEMn , Log l + EMn ). 

The morphism LogMEM,n+i LogMEM,n defines a projective system in the 
category of mixed elliptic motives. Using the homomorphisms i S)(J , we get the 
following double complex 

Hom MgM (V, LogMEM,n) • 

->• x5, t )H (£ x £ Bj .) ^V- ■ 

■ ■ • Z n _{E x E^-\*)alt n - 1 Z n _ Jrl {E x Eg, •)alt n -> 

The associate simple complex of Hom MgM (K Log m km , n ) is denoted by 
Horn M EM (V, Log MEM,n)- The relation between the differential rf n +l,n an d 
the complex Kc jnjX is given by the following proposition. 

The (-l)-actions i on the left most factor E of E x E q B and E x (L r ^ +2 ) s 
are compatible, where the subscript — means the —1 part for the involution 
t. 



58 



KENICHIRO KIMURA AND TOMOHIDE TERASOMA 



Proposition 5.10. (1) The map 

© Z n+1 ~ i (E x Dq\j, • 
JeicA 



defined by — T_g induces a homomorphism 



4 

2s=s 



Kc,n, x Hom M £M ( V, Log M EM,n) 

of double complexes. 
(2) T/ie (—l)-actions i on the left most factor E of E x .E^ and E x 

([/^ +2 ) s are compatible. The above homomorphism is a quasi-isomorphism. 
As a consequence, we have the following isomorphism: 

(5.5) CH n+1 (E x (U% +1 ) s ,n + l-j)- >sgn ~ H j Ham MEM {V, Log ME M,n)- 

5.4. Polylog object as a mixed elliptic motif. We recall the definition 
of elliptic polylog class in CH n+1 (E x (U B +1 ) S: n)_ jSgn denned in |BL| using 
the eigen decomposition of the higher Chow group. 
Let [a] n B +1 : (E™ +1 ) s -> (£^ +1 ) s be a map defined by 

(pi,...,p n+ i,s) h+ ([a]pi,...,[a]p„+i,[a]a) 

We set (U^^s = (Mb +1 ) _1 (^b +1 )s an d define a homomorphism iVm by 
the composite of the following homomorphisms: 

CH n+1 (Ex (U™ +1 ) s ,n)^ sgn ^CH n+1 (Ex (tT^ 1 ),, n)_, sgn 

^Ci^ +1 (£x (^ +1 ) s ,n)_, sgn . 

Here j* is induced by the open immersion (U™ B 1 ) S — > (U B +1 ) S and Nm is 

n-f 



the norm map for the map [a ]n 1 ' 



Definition 5.11. We define CH n+1 (U x (U% +1 ) s , n)^^ 6y tfie a-ezaen 
space /or £ae action of the map Nm. 

The following proposition is proved in [BLJ. 

Proposition 5.12 ( |BLj ) . The residue map 

CH n +\Ux(U^ +1 ) s: n)^ sgn ^CH n (Ux(U^ s ,n-ltl gn 

is an isomorphism. 

Definition 5.13 QBL]). (1) By applying Proposition \5.1^ successively, 
we have an isomorphism 

CH n+1 (U x (U% +1 ) s ,n)V sgn CH\U x [U B ) s ^t] sgn ~ QA, 

where A is the diagonal in U x (U B ) S . We define the polylog class P n 
by the element in CH n+1 (U x (U B +1 ) s ,n)^ sgn corresponding to A. 
(2) The element in H 1 Horn MEM (V, Log mem, n) corresponding to P n via 
the isomorphism h5. 5\) is also denoted as P n and called the elliptic 
polylog class. 
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Let P n be a representative of the cohomology class P n in the following 
associate simple complex Horn MEM {V, Log mem, n)'- 

a 4 a 4 

d i a 4 

-y Z n (E X E™-\n-l) sgn e- n + 1 H Z™ + 1 (E X _Eg , n - l) S g„e"" ->■ 

8 4 a 4 

Z™(£ X ££ _ \n - 2) s3 „e-™ + 1 ^4 + X _Eg,n - 2) sfl „e-™ 

8 4 8 4 

Then P n is a direct sum of elements 

pk=plf e - 1 E Z l +\E x E l B ,i) sgn e- 1 = Horn MEM (V, Log MEMjn e~ l ). 

which is called an elliptic polylog extension data. The closedness of P n is 
equivalent to the relation: d(pU) + (—l) l i s (pli-i) = 0. Then we have 

dpk + (-1)*" Vi • is = 0, 
where • is the multiplication. 

Definition 5.14. We define an object PImem,u = {PI mem n»^'0 ^ n ^ e 
quasi-DG category (MEM) = K(EM) of DG complex in Cem as follows. 

V (i = -l) 

Pl l MEM,n = ^ Log MEM n (0 <i < n) 
( otherwise ) 

T/ie maps G Hom^(Pl MEMn ,Pl MEMn ) are defined by 

{dj-i = plj (0 < J < ra) 

= (-l) J+1 z s (0 < j < n - 1) 
( otherwise ) 

5.5. Description of the comodule associated to polylog motif. The 

polylog motif is concentrated at degree zero. By the functor ip, the object 
PImem,u corresponds to an H° (Bar ( Aem/O), e)-comodule. In this subsec- 
tion, we write down the H°(Bar) = H° (Bar (Aem/O), e)-comodule structure 
of <p(PImem,u)- As a vector space, we have 



Pl n = ip(Pl M EM,n) = ©"=-l^n> 

_(V (i = -l) 



n [^m l (F)(z) (0<z<n). 

Let M(Pl n , H°(Bar)) be the endomorphism of Pl n obtained by the scalar 
extension to the commutative ring H (Bar). By the isomorphism 

Hom^Pln, H°(Bar) <g> P/ n ) ~ ® #°(Bar) ® 
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the coproduct Api MEM n is given by the sum of G (Pl J n )* ®H°(Bar)®Pl l n1 
where 

^v^EUi- 1 )^*®^^®^^ j = -l, i>0 
(-l)(*-i)0--i) ( y si ® ia ®(*-i) ® 5 s ^ (i) i > 0, i > j 

A v i = j = -1 

W I = j > 

otherwise, 

and 5y is an element in V* ® F corresponding to the identity element in 
= fromk(V,V). 
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